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Abstract. An a priori study of subgrid-scale (SGS) models for the unclosed terms in the energy equation

is carried out using the flow field obtained from the direct simulation of homogeneous isotropic turbulence.
Scale-similar models involve multiple filtering operations to identify the smallest resolved scales that have
been shown to be the most active in the interaction with the unresolved SGSs. In the present study these
models are found to give more accurate prediction of the SGS stresses and heat fluxes than eddy-viscosity
and eddy-diffusivity models, as well as improved predictions of the SGS turbulent diffusion, SGS viscous
dissipation, and SGS viscous diffusion.

1. Introduction

Large-eddy simulation (LES) is a technique intermediate between the direct numerical simulation (DNS) of
turbulent flows and the solution of the Reynolds-averaged equations. In LES the contribution of the large,
energy-carrying structures to momentum and energy transfer is computed exactly, and only the effect of
the smallest scales of turbulence is modeled. Since the small scales tend to be more homogeneous and
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universal, and less affected by the boundary conditions, than the large ones, there is hope that their models
can be simpler and require fewer adjustments when applied to different flows than similar models for the
Reynolds-averaged Navier—Stokes equations.

While a substantial amount of research has been carried out into modeling for the LES of incompressible
flows, applications to compressible flows have been significantly fewer, due to the increased complexity
introduced by the need to solve an energy equation, which introduces extra unclosed terms in addition to the
subgrid-scale (SGS) stresses that must be modeled in incompressible flows. Furthermore, the form of the
unclosed terms depends on the energy equation chosen (internal or total energy, total energy of the resolved
field, or enthalpy).

Early applications of LES to compressible flows used a transport equation for the internal energy per unit
mass: (Moin et al,, 1991; El-Hadyet al,, 1994) or for the enthalpy per unit mak¢Spezialect al, 1988;
Erlebacheet al,, 1992). In these equations the SGS heat flux was modeled in a manner similar to that used
for the SGS stresses, while two additional terms, the SGS pressure-dilaigtiand the SGS contribution
to the viscous dissipatiosy, were neglected.

Vremanet al. (1995a,b) performea priori tests using DNS data obtained from the calculation of a
mixing layer at Mach numbers from 0.2 to 0.6. They found that the SGS pressure-dilatgtiand SGS
viscous dissipation, are of the same order as the divergence of the SGS heapfluand that modeling
ey improves the results, especially at moderate or high Mach numbers. They also proposed the use of a
transport equation for the total energy of the filtered field, rather than either the enthalpy or the internal
energy equations; the same unclosed terms that appear in the internal energy and enthalpy equations are also
present in this equation.

Very few calculations have been carried out using the transport equation for the total energy, despite the
desirable feature that it is a conserved quantity, and that all the SGS terms in this equation can be cast in
conservative form. This equation has a different set of unclosed terms, whose modeling is not very advanced
yet. Normand and Lesieur (1992) performed calculations of a transitional boundary layer, and modeled
only the SGS heat flux, neglecting all the other terms. Knéital. (1998) performed the LES of isotropic
homogeneous turbulence on unstructured grids and compared the results obtained with the Smagorinsky
(1963) model with those obtained when the energy dissipation was provided only by the dissipation inherent
in the numerical algorithm. They modeled the SGS heat flux and an SGS turbulent diffusion term, and
neglected the SGS viscous diffusion. Comte and Lesieur (1998) proposed the use of an eddy-diffusivity
model for the sum of the SGS heat flux and SGS turbulent diffusion, neglecting the SGS viscous diffusion.

In this paper the flow field obtained from a DNS of homogeneous isotropic turbulence is used to compute
the termsin the energy equations, and evaluate eddy-viscosity and scale-similar models for their parametriza-
tion. We place emphasis on the total energy equation, both because of the lack of previous studies in the terms
that appear in it, and because of the desirability of solving a transport equation for a conserved quantity. In
the remainder of the paper the governing equations are presented and the unclosed terms are defined. The
DNS database used for tlaepriori tests is described. Finally, several models for the unclosed terms are
presented and tested.

2. Governing Equations

To obtain the equations governing the motion of the resolved eddies, we must separate the large from the
small scales. LES is based on the definition of a filtering operation: a resolved variable, denoted by an
overbar, is defined as (Leonard, 1974)

709 = /D FO)G X B, )

whereD is the entire domair is the filter function, and is the filter-width associated with the wavelength
of the smallest scale retained by the filtering operation. Thus, the filter function determines the size and
structure of the small scales.

In compressible flows it is convenient to use Favre-filtering (Favre, 1965a,b) to avoid the introduction
of SGS terms in the equation of conservation of mass. A Favre-filtered variable is defified8%/5. In
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addition to the mass and momentum equations, one can choose solving an equation for the internal energy,
enthalpy, or total energy. Applying the Favre-filtering operation, we obtain the resolved transport equations

?9_{;+8%j(paj) =0, ()

8@?1 + ;;J (puiti; +Pdij — i) = _ZZ;’ ®3)

8(;5) + 881*] (pu,e) + ggi + DSk — 5,9 = —Cy gcjj — Tlgj +é&v, 4)
8(§t71) + 88:133 (ﬁﬁjﬁ) + ggj - % — ﬂj(,ii — 555 = Cvgi?j — Tlgii + &, (5)
%(ﬁ E)+ 6%] {(ﬁ E +p)ii; +§; — 51‘3'@} = —a%j ("CQ; +37; = D). (6)

Herep is the densityy; is the velocity in ther; direction,p is the pressure; = ¢, T is the internal energy
per unit mass] is the temperaturd; = ¢ + p/p is the enthalpy per unit masg; = ¢ + u;u; /2 is the total
energy per unit mass, and the diffusive fluxes are given by

S _ =T
Gij = 20uSi; — S0y Sk, ;= oy o
J

whereS;; = 5(0u;/0x; + Ou;/0x;) is the strain rate tensor, an?dandfé are the viscosity and thermal

conductivity corresponding to the filtered temperatiire

The effect of the SGSs appears on the right-hand side of the governing equations through the SGS stresses
75, SGS heat flux);; SGS pressure-dilatatidiy; SGS viscous dissipatiosy; SGS turbulent diffusion
0J,/0x;; and SGS viscous diffusioD; /0x ;. These quantities are defined as

Tij = P (it — Uit;), ©
Q; =7 (wT - uT), ®
i = pSik — Sk (10)
Ev — O’jiSZ'j - 6]’@'52']'7 (11)
J; = p (jupue — uju,ug) , (12)
Dj = 0ijUi — GijUs. 49

The equation of state has been used to express pressure-gradient and pressure-diffusion correlations in terms
of Q; andIly;. It is also assumed thai(7')S;; ~ w(T)S;;, and that an equivalent equality involving the
thermal conductivity applies. Vremart al. (1995b) performea priori tests using DNS data obtained from

the calculation of a mixing layer at Mach numbers in the range 0.2-0.6, and concluded that neglecting the
nonlinearities of the diffusion terms in the momentum and energy equations is acceptable.

3. A priori Test

One method to evaluate the performance of models for LES or RANS calculationsaptiwi test, in
which the velocity fields obtained from a direct simulation are filtered to yield the exact SGS terms, and
the filtered quantities are used to assess the accuracy of the parametrization. The database used in this study
was obtained from the calculation of homogeneous isotropic turbulence decay.

The Navier—Stokes equations were integrated in time using a fourth-order Runge—Kutta method.
The spatial derivatives were computed using an eighth-order accurate central finite-difference scheme.
The results have been validated by comparison with the DNS data ofriMaud Candler (1998, 1999). The
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Figure 1. Energy spectrums , location of the filter-widths used in treepriori test;
andn is the Kolmogorov length scale.

k=5/3 slope;------- , DNS. ¢? = u;u;,

simulations were performed on grids with 256oints. The computational domain is a periodic box with
length 2r in each dimension. The fluctuating fields were initialized as in Ristorcelli and Blaisdell (1997).

The calculation was performed at a Reynolds numBex = u'\/v = 50, where\ = (u?)/2/
((0u/0x)?)*/? is the Taylor microscale and’ = (u;u;)Y/? is the turbulence intensity, and at a turbulent
Mach numbe\; = v’ /a = 0.52, whereun is the speed of sound. The initial flow field is allowed to evolve
for four dimensionless time units = A /v/, so that the energy spectrum may develop an inertial range that
decays a& %3, wherek is the nondimensional wave number.

The filtered fields were obtained using a top-hat filter, which is defined in one dimension as

B 1 itn/2—1
fi= > (fi—n/2+ 2 Z Ji +fi+n/2) : (14)

i—n/2+1

Various filter-widthsA = nA (whereA is the grid size ana = 4, 8, 16, and 32) were used. Note that the
grid resolution is high enough that = 2 would correspond to a DNS. The location of the various filter
cutoffs along the energy spectrumt@t; = 6.5 are shown in Figure 1; they cover the decaying range of the
spectrum ¢ = 4), the inertial ranger{ = 8 and 16), and the energy-containing range=(32). With the
filters used, respectively, 5%, 15%, 40%, and 70% of the total turbulent kinetic energy resides in the SGSs.
The two intermediate values are representative of actual LES calculations, in which the SGS kinetic energy
is typically between 15% and 30% of the total energy. A higher percentage of SGS energy in general indicates
an under-resolved calculation. In the following, results will be shown¥er 8A, except when evaluating
the effect of filter-width.

The accuracy of a model is evaluated by computing the exact i#2and its model representatiav
and comparing the two using the correlation coeffici€QR) and the root-mean-square (rms) amplitudes
(R — (R))?)Y? and((M — (M))?)¥/2. The correlation coefficient is given by

(R = (R)M — (M)))
(R = (R)?){((M = (M))?))

where the bracket§) denote averaging over the computational volume. A “perfect” model would give a
correlation coefficient of 1. In the following, the quantities plotted are made nondimensional using the initial
values ofp, v/, and\.

C(R) = (15)

1/2°

4. Models for the Momentum Equation

The SGS stresses (8) are the only unclosed term that appears in the momentum equation. Various types of
models have been devised to represent the SGS stresses. Eddy-viscosity models try to reproduce the global
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exchange of energy between the resolved and unresolved stresses by mimicking the drain of energy associ-
ated with the turbulence energy cascade. Yoshizawa (1986) proposed an eddy-viscosity model for weakly
compressible turbulent flows using a multiscale direct-interaction approximation method. The anisotropic
part of the SGS stresses is parametrized using the Smagorinsky (1963) model, while the SGS gliergy
modeled separately:

50 EPSYU L,
Tij — gjﬂck = —C228%|3)] (Sij - gjskk) =C%vy;, T =C12pA°|SP=Cra,  (16)

with C, = 0.16,C; = 0.09, and|S| = (25;;5:;)2.

Moin et al. (1991) proposed a modification of the eddy-viscosity model (16) in which the two model
coefficients were determined dynamically, rather than irgptiori, using the Germano identitg;; =
T;; — 7;; (Germano, 1992), which relates the SGS stresset® the “resolved turbulent stresses;; =

(pTi/pT\j/ﬁ) — P, pu; /P , and the subtest stressEs = 5 w;u; — p w;ti; (Wheref = pf/p , and the hat
represents the application of the test filééiof characteristic widthA = 2A) that appear if the filte€ is

applied to (3). Moiret al. (1991) determined the model coefficients by substituting (16) into the Germano

identity and contracting witli-j. In the present paper the contraction proposed by Lilly (1992) to minimize
the error in a least-squares sense are used instead. Accordingly, the two model coefficients for the dynamic
eddy-viscosity (DEV) model will be given by

Li;M;;)
C - CZ - < 17" ,
(M M)

(L)
(B—ay

wheref;; = —2R°5 [S|(S; — 6,;9m/3), My; = B;; — &, and3 = 2877 |5 [2.

Scale-similar models are based on the assumption that the most active SGSs are those closer to the cutoff,
and that the scales with which they interact are those immediately above the cutoff wave number (Bardina
et al, 1980). Thus, scale-similar models employ multiple operations to identify the smallest resolved scales
and use the smallest “resolved” stresses to represent the SGS stresses. Although these models account for
the local energy events, they underestimate the dissipation.

Spezialeet al. (1988) proposed the addition of a scale-similar part to the eddy-viscosity model of
Yoshizawa (1986) introducing the mixed model. In this way, the eddy-viscosity contribution provides the
dissipation that is underestimated by purely scale-similar models. This mixed model was also used by
Erlebacheket al. (1992) and Zangt al. (1992), and is given by

0ij 0ij

i
Tij — 3 Thk = Csaij + Ajj — 3

Cr= (17)

Ak, Tk = Croc+ Agy, (18)

WhereAij = p(’leﬂj — ’ljﬂj])
Erlebacheket al.(1992) tested the constant coefficient maalptiori by comparing DNS and LES results
of compressible isotropic turbulence and found good agreement in the dilatational statistics of the flow, as
well as high correlation between the exact and the modeled stressestZdnd992) compared the DNS
and LES results of isotropic turbulence with various initial ratios of compressible to total kinetic energy.
They obtained good agreement for the evolution of quantities such as compressible kinetic energy and
fluctuations of the thermodynamic variables.
Dynamic model adjustment can be also applied to the mixed model (18), to yield the dynamic mixed
model (DMM)
(Lij Mij) — (NigMi;)
(M M) ’

_ (Lik — Nix)
C, = \=kk — DVkk/
R

C= (19)

with Bij = ﬁ ({725] — ZZ{IJ'), andNij = Bij — AZ\J
Anissue that requires some attention is the necessity to model separately the trace of the SGHgtresses
Yoshizawa (1986), Moiret al. (1991), and Spezialet al. (1988) proposed a separate model for this term.

Erlebacheet al.(1992) conjectured that, for turbulent Mach numhifis< 0.4 this term is negligible; their
DNS of isotropic turbulence confirm this conjecture. Zahgl.(1992) confirmed these resuéiposteriori
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they ran calculations with & C; < 0.066 (the latter value is ten times higher than that predicted by the
theory) and observed little difference in the results.

Comte and Lesieur (1998) proposed incorporating this term into a modified préxstinés leads to the
presence of an additional term in the equation of state, which takes the form

fory = g the additional term is zero, and for= ;73 it might be negligible, unless/; is very large. This
observation can be used to explanposteriorithe insensitivity of the LES results to the value ©f
discussed by Zangt al. (1992): the SGS stress trace can be approximately incorporated in the pressure
with no modification to the equation of state. Another factor may be that both the calculations by Erlebacher
et al. (1992) and those by Zangt al. (1992) used mixed models, in which the scale-similar part gave a
contribution to the normal SGS stresses. Thisis taken into account, at least partially, by the scale-similar
contribution.

If the mixed modelis used, the trace of the SGS stresses can be parameterized without requiring a separate
term. A one-coefficient dynamic mixed model (DMM-1) would be of the form

Ti; = Cay; + Ay, (21)
with
LijM;j) — (Nij M)
(M Myy)

The models DEV (16)-(17), DMM (18)—(19), and DMM-1 (21)—(22) are evaluated in Figures 2—4.
Figure 2(a) shows that the DMM-1 model gives the highest correlation for the diagonal components of the
SGS stress tensor; Figure 2(b) shows that neither the eddy-viscosity model nor the two-coefficient mixed
model DMM predict the rms of the SGS stresses accurately. The DMM-1 model gives the most accurate
prediction among those tested.

Figure 3(a) shows the correlation coefficient for the off-diagonal components of the SGS stress. As in
incompressible flows, the eddy-viscosity model gives very poor correlation (near 0.2), while much improved

o=t (22)
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Figure 2. A priori comparison of the normal SGS stresses (a) Correlation coefficient and (b) nondimensional rms magnitude.
, Eddy-viscosity model DEV (16)—(17);— -, two-coefficient mixed model DMM (18)—(19);—-—, one-coefficient mixed
model DMM-1 (21)—(22),A , DNS.
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Figure 3. A priori comparison of the off-diagonal SGS stressgs (a) Correlation coefficient and (b) nondimensional rms magnitude.
, Eddy-viscosity model DEV (16)—(17¥;— — , two-coefficient mixed model DMM (18)—(19) and one-coefficient mixed model
DMM-1 (21)—(22);A , DNS.
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Figure 4. Nondimensional rms magnitude ef; versus filter-width at/7 = 6.5. , Eddy-viscosity model DEV (16)—(17);
—-——, two-coefficient mixed model DMM (18)—(19);—-—, one-coefficient mixed model DMM-1 (21)—(22) , DNS.

results are obtained with the mixed models. Note that the correlation coefficient for DMM and DMM-1
overlap in the figure. Figure 3(b) shows the rmsgf DEV underpredicts the rms magnitude of the exact
term, while DMM and DMM-1 slightly overpredict it.

The coefficientC, remained nearly constant at a value of 0.15 throughout the calculation, consistent with
the theoretical arguments (Yoshizawa, 1986). The coefficient of the SGS efiergy the other hand, has
a value three times higher than predicted by the theory, consistent with the results aftMbif1991).

Figure 4 shows the rms magnitude af versus the filter-width, at timé/r, = 6.5. For very small
filter-widths (A /A = 4), all the models are accurate, reflecting the capability of dynamic models to turn off
the model contribution when the grid becomes sufficiently fine to resolve all the turbulent structures (models
with constants assigneadpriori, such as the Smagorinsky (1963) model, do not have this characteristic).
For A/A = 8, consistent with the results shown above, the one-coefficient mixed model DMM gives the
most accurate predictions. For intermediate filter-widths, upta = 16, the best prediction is given by the
DMM-1 model; when this filter-width is used the unresolved scales contain a considerable amount of energy,
40%. ForA/A = 32, it appears that the DMM model predicts the rms magnitude accurately. However, since
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Figure 5. Comparison of unclosed terms in the energy equations. (a) Nondimensional terms in the internal energy or enthalpy equations
and (b) nondimensional terms in the total energy equatief— , Divergence of the SGS heat flugy 0Q;/0x;; —-— , SGS
viscous dissipatioay; — - —, pressure dilatatiobly; —--—, divergence of the SGS heat flwCy 6Q; /0z;; - , SGS turbulent
diffusion8.7; /0x;; —— — , SGS viscous diffusiodD; /dz;.

the DMM model overpredicts the rms significantly fay A = 8 and 16, the accurate prediction given by
DMM for A/A = 32 is a coincidence. Whefi/A = 32 the SGSs contain a large contribution from the
energy-containing eddies (70% of the energy is in the SGS); dirice= 32 is not in the inertial range the
assumptions on which LES modeling is based fail. The same results are foung (imot shown).

5. Models for the Energy Equations

Figure 5 compares the magnitude of the unclosed terms appearing in the internal-energy and enthalpy
equations (4) and (5), respectively (Figure 5(a)) and in the total energy equation (Figure 5(b)). Unlike in the
mixing layer studied by Vremaet al. (1995b), in this flow the pressure dilatatitlg; is negligible, and the
viscous dissipation, is one order of magnitude smaller than the divergence of the SGS heat flux. In the
total energy equation (6), the SGS turbulent diffusitfi; /0x; is comparable with the divergence of the

SGS heat flux and the SGS viscous diffusion is one order of magnitude smaller than the other terms. In this
section several models for the more significant terms are examined.

5.1. SGS Heat Flux

The simplest approach to modeling the SGS heat@yxs to use an eddy-diffusivity model of the form

0 = P IT __KpIS| 0T
J

Prr axj Pre 635]-’ (23)

where(C is the eddy-viscosity coefficient that can be either assigned if a model of the form (16) is used,
or computed dynamically as in (17). The turbulent Prandtl nunfbygrcan be also fixed or calculated
dynamically according to
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Figure 6. A priori comparison of the SGS heat fl@x;. (a) Correlation coefficient and (b) nondimensional rms magnitaele— ,
Eddy-diffusivity model (23) Prt = 0.7; - — —, eddy-diffusivity model (23), Prandtl number adjusted according to (24);—, mixed
model (26)—(27)A, DNS.
C{TTy
pry = C{TNTi) (24)
(K5T5)
where 5 - - -
2~ 2T 5 =~ OT ou; o7\ pu; pT
Ty= A5 |8l o— +80p|S o, K= L) P (25)
dz; dz; p p
A mixed model of the form
_2 ~ ~
_ Ap |S| or _ [(T= =~ =
Qj =-C PI’T aix] +p ujT - UjT (26)

was proposed by Speziaeal.(1988). The model coefficients andPrt can again be assigned or adjusted
dynamically according to (19) and

(T4 T}.)
Pr :C—v (27)
T KT - (Vi)
with o . —
V=3 (éﬁ . ﬁﬁ) 5 (7 -77). 29)

Figure 6(a) shows the correlation coefficient for the three models described above. Both eddy-viscosity
models overlap on the plot giving a poor correlation factor, roughly 0.2, whereas the mixed model gives a
correlation above 0.6. Both eddy viscosity models under-predict the rms of th&gxabbwn in Figure 6(b),
while the mixed model is more accurate. The mixed model maintains accuracy for all filter-widths. 16
(Figure 7).

5.2. SGS Viscous Dissipation

The other term in the enthalpy or internal energy equations that was found to be significant in the present
flow is the viscous dissipatiofy. In this section the three models proposed by Vremiaal. (1995b) are
tested:
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Figure 7. Nondimensional rms magnitude f; versus filter-width at/7; = 6.5. , eddy-diffusivity model (23)Prr = 0.7;
- ——, eddy-diffusivity model (23), Prandtl number adjusted according to (24);:— , mixed model (26)—(27)\ , DNS.

8\(,1) =Ca (5ji§ij - gij§1j> ; (29)
e = Copd®/B, @ ~BISP (30)
) = Cap@®R,  F ~ Uil — Upliy. (31)

The firstis a scale-similar model; the second and third represent the SGS dissipation as the ratio between the
cube of the SGS velocity scalg, and the length scale. The velocity scale can be obtained using either the
Yoshizawa (1986) model, as in (30), or the scale-similar model as in (31). Vretradn(1995b) fixed the

values of the coefficients by matching the rms magnitude of the modeled and exact terms obtained from the
a priori test, and obtained’,.; = 8, C., = 1.6, andC.3 = 0.6. In the present study the dynamic procedure

will be used instead to determine the coefficients. The analog of the Germano identity for this term reads

<5ji§z‘j — 003 pSi; /P 2> = <E\(,") - 8\(/")> : (32)

and the modeled term$™ can be given respectively by (29)—(31), while thg are

E\(Il) = CE]_ <§ji§ij - éijgij> ; (33)
%3~ 2 220

EP =Capq /A, ¢ ~A|S% (34)
~x3 2 e I3

E\(/s) = CE3p q /A’ q ~ ’U,Lu] — uqu (35)

Figure 8(a) shows the correlation coefficient for the three models. The scale-similar model gives the
highest correlation. The use of a velocity scale obtained from the scale-similar assumption, however, results
in improved prediction of the rms magnitude; using A|S| yields a significant overprediction of the rms.

The values of the coefficients obtained from the dynamic adjustment in this flow are significantly lower
than those obtained in the mixing layer by Vrenaral. (1995b). For the particular filter-width shown, we
obtainedC,; = 2.4, andC., = 0.03, whileC.3 increased monotonically in time from 0.25 to 0.4. The fact

that with these values the first and third models match the rms magnitude of the exact term indicates a lack
of universality of these constants. Dynamic adjustment of the model coefficient appears to be beneficial for
this term.

The modeling of the viscous dissipation is more sensitive than the other terms to the filter-width. The
prediction accuracy deteriorates with increasing filter-width, and in this case eveyy for= 16 none of
the models is particularly accurate (Figure 9).
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Figure 8. A priori comparison of the SGS viscous dissipatiqn(a) Correlation coefficient and (b) nondimensional rms magnitude.
, scale-similar model (33); — -, dynamic model (34);—-—, dynamic model (35)A , DNS.
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Figure 9. Nondimensional rms magnitude of versus filter-width at/7 = 6.5. , scale-similar model (33); — -, dynamic
model (34);—-—, dynamic model (35) , DNS.

5.3. SGS Turbulent Diffusion

The SGS turbulent diffusiod.7; /0x; appears in the total energy equation (6). Comte and Lesieur (1998)
did not model this term explicitly, but added it to the SGS heat flux by using an eddy-diffusivity model to
parametrize

—_— ~ B — _ ~ oT
(,OEUJ‘ +10Uj) - (ﬁEua‘ +ﬁ“j> =p (ujT - ujT> +Jj =~ _PirTach; (36)
with this model, however, the SGS turbulent diffusi@n which depends mostly on the unresolved velocity
fluctuations, is modeled in terms of the temperature gradient. In an isothermalffjaway be nonzero,
and, even if the temperature is not constant, there is no reason to couple a term due to mechanical energy
gradients to the temperature. A model of the form (36) effectively neglécts
The only attempt to model the SGS turbulent diffusion was that by Kragat. (1998). They argue that
u; ~ u; and propose a model of the form
% >~ ’lNLijk. (37)
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A dynamic scale-similar model can be obtained using the generalized central moments (Germano, 1992)

T(ui,uj) = p [u w; — w] (38)

T(wi, uj, ug) = D Ui Uy wjtg — U T(uy, ug) — UG (W, ug) — Wt (U, uy) — Pt uy. (39)
Using this notation the turbulent diffusion term can be written as
2J; = 7(ug, uk, ug) + 2,7 (uy, ug), (40)

since(u;,u;) = 7;,. Using this formalism, scale-similar models can be derived by approximating the
quadratic terms using the filtered velocitigsto replace the velocities;; for instance, one can write

i ug) ~ i) = p (i — i) ~ p (i - i ) (41)

If the proportionality constantin (41) is set to one, the scale-similar part of the mixed model (18) is obtained.
Analogously, the triple product can be written as

27,

T(wj, ug, ug) + 2057 (ujz, ug)

~ Cyr(ty, Uy, ug) + 2057 (), ug)

Cy ﬁﬂﬂkﬂk — ﬁijikik — ﬁjAkk — ZikAjk} + 211]673]€7 (42)

the last term is parametrized by the same model used in the momentum equation. The co€fficaanbe
set using the identity

—

ﬁaﬂjkﬂk — ﬁ é]ék’l:jk = 2Jj — 23;, (43)
where
2Jj =Cjy [ﬁ éjék’lik — ﬁ ﬂjﬂkﬁk — éjBkk — ZﬁkB_jk] + Zéijk
Bjr =7 (itﬂvtk - U]uk) (44)
to yield
<(ﬁﬂjﬂkﬂk D uJukuk) P, — Q,P; >
CJ = 9 (45)
(PrPr)
where

../I;{ T3 = <
P; = |p ujupty — p UjURUy — W Byr, — 20, Bk

—~—

- {pajakak — DUty — U Ark — 25kAjk] : (46)
Qj =2 (iijk — ﬂijk) . (47)

Figure 10(a) shows the correlation coefficient for the two models (37) and (42) and using (21)—(22) to
modelr;;. The correlation factor is greater than 0.7 for both models, and both models overpredict slightly the
rms magnitude aff; (Figure 10(b)). When the one-coefficient, scale-similar modelis used this overprediction
is significantly reduced. Both models perform equally well fofA < 16, while neither is accurate for
A/A = 32.
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Figure 10. A priori comparison of the SGS turbulent diffusiofy. (a) Correlation coefficient and (b) nondimensional rms magnitude.
, knightet al(1998);— - -, scale-similar, one-coefficient modek , DNS.

1.0

@)

A (b)

M2 ¥ x 10
N
>

Figure 11. A priori comparison of the SGS viscous diffusi@ry. (a) Correlation coefficient and (b) nondimensional rms magnitude.
, scale-similar modelp , DNS.

5.4. SGS Viscous Diffusion

The SGS viscous diffusioD; / 0z ; is the smallest of the terms in the total energy equation, and is about 5%
of the divergence of);. No model for this term has been proposed in the literature to date. One possibility
is to parametrize it using a scale-similar model of the form
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Figure 12. A priori comparison of the sum of the SGS terms in the total energy equation (6). (a) Correlation coefficient and (b)
nondimensional rms magnitude——, Model; A , DNS.

D; = Op(Goytt; — G450s), (48)
in which the coefficient can be obtained from
Ao pu/p? - w7 7| Ry)

(49)

where

< Tz _ —
Ri= | owur — oy | — <Ulkuk - Ulk:“k) . (50)

As can be seen from Figure 11, this model gives a poor correlation and poor agreement for the prediction of
the rms magnitude. However, since the viscous diffusion is relatively small, its contribution to the total energy
spectrum does not go to the inertial range, but rather to the decaying range. In this situation the accuracy of
the model is degraded, as shown by Meneveau and Lund (1997). Thus, the scale-similar approach may still
give good predictions when this term is significant. In this particular flow, the error given by the model (or
by not using a model) may be tolerable given the small contribution that the term gives to the energy budget.

5.5. General Considerations

In addition to the term-by-term comparisons shown before, it is possible to evaluate the global accuracy of
the models by comparing the sum of the exact SGS terms and the modeled quantity, namely,

Esgs =7C\Q; + 17, — D;. (51)

The mixed model (26)—(27) was used for the SGS heat flux, the scale-similar model (44)—(45) for the SGS
turbulent diffusion, and the SGS viscous diffusion has been neglected. Figure 12(a) shows the correlation
coefficient for the exact and modeled quantities. While the individual correlations were roughly 0.6 and
0.7 for the SGS heat flux model and the SGS turbulent diffusion, respectively, the global correlation drops
just below 0.6 when considering the sum of the terms. Figure 12(b) shows the rms for both quantities. The
agreement between the exact and modeled quantities is slightly less accurate than for the SGS heat flux
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alone, Figure 6(b), but more accurate than for the SGS turbulent diffusion alone, Figure 10(b). Figure 12
shows that the overall performance is very good.

6. Conclusions

Several mixed and eddy-viscosity models for the momentum and energy equations have been tested. The
velocity, pressure, density, and temperature fields obtained from the DNS of homogeneous isotropic turbu-
lence atRe, = 50, M, = 0.52 were filtered and the unclosed terms in the momentum, internal energy, and
total energy equations were computed.

Inthe momentum equation, mixed models were found to give better prediction, in terms of both correlation
and rms amplitude, than the pure eddy-viscosity models. The dynamic adjustment of the model coefficient
was beneficial, as already observed by Meiial. (1991).

In the internal energy and enthalpy equations only the divergence of the SGS heat flux was significant in
this flow; the SGS pressure dilatatidig; and viscous dissipatiosy,, which were significant in the mixing
layer studied by Vremaet al.(1995b), were found to be negligible here. Once again, mixed dynamic models
gave the most accurate results.

In the total energy equation two additional terms are present, one of which, the turbulent diffusion
0J;/0x;, is significant. The model proposed by Knighel.(1998) and a new scale-similar model proposed
here correlate well with the actual SGS turbulent diffusion, and predict the correct rms amplitude. However,
the new scale-similar model was found to be more accurate. A mixed model for the SGS viscous diffusion
was also proposed and tested, although this term is much smaller than the others. The accuracy of the models
for the sum of the terms was also evaluated, and it was found that the models proposed still predict nearly
the correct rms amplitude, and an acceptable value of the correlation coefficient.

The results obtained in this investigation are promising and indicate that it is possible to model accurately
the terms in the energy equations. Further work may extend these results to cases in which the pressure-
dilatation is significant, as well as to inhomogeneous flows, and evaluate these mpdsteriori
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