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Weighted essentially non-oscillatory (WENO) methods have been developed to simul-
taneously provide robust shock-capturing in compressible fluid flow and avoid excessive
damping of fine-scale flow features such as turbulence. Under certain conditions in com-
pressible turbulence, however, numerical dissipation remains unacceptably high even after
optimization of the linear component that dominates in smooth regions. We demonstrate
that a significant nonlinear source of dissipation error is due to a WENO implementa-
tion defect that we call the “synchronization deficiency,” and we develop and evaluate a
preliminary technique to mitigate its effects. Direct numerical simulations (DNS) include
one-dimensional test cases and three-dimensional compressible isotropic turbulence. Al-
though we find the current formulation of our mitigation technique to be quite successful
for the one-dimensional problems, its efficacy is more modest in the turbulence simulations,
and its cost-to-benefit ratio is uncomfortably high. We believe, however, that with further
work it will be possible to alleviate these drawbacks.

I. Introduction

The detailed simulation of compressible turbulence requires numerical methods that simultaneously avoid
excessive damping of spatial features over a large range of length scales and prevent spurious oscillations near
shocks and shocklets (small transient shocks) through robust shock-capturing. Numerical schemes that were
developed to satisfy these constraints include, among others, weighted essentially non-oscillatory (WENO)
methods.! WENO schemes compute numerical fluxes using several different candidate stencils and form a
final flux approximation by summing weighted contributions from each stencil. Smoothness measurements
cause stencils that span large flow field gradients to be assigned small relative weights so that a nearly
discontinuous shock would provide a weight of almost zero to any stencil containing it. In smooth regions,
the relative values of the weights are designed to be optimal by some gauge such as maximum order of
accuracy or maximum bandwidth-resolving efficiency.

Jiang and Shu? cast the WENO methodology into finite-difference form and provide an efficient imple-
mentation of robust and high-order-accurate WENO schemes. Unfortunately, these schemes often generate
excessive numerical dissipation for detailed simulations of turbulence, especially for large-eddy simulations
(LES).> WENO dissipation arises from two distinct sources: (i) the optimal stencil, which on its own de-
scribes a linear scheme, and (ii) the adaptation mechanism, which drives the final numerical stencil away
from the optimal one. Bandwidth optimization can reduce the dissipation of the optimal stencil;*® and
Martin et al.® demonstrate that such a bandwidth-optimized WENO method indeed reduces numerical
dissipation and provides accurate results for direct numerical simulations (DNS) of isotropic turbulence and
turbulent boundary layers.

Nonetheless, engaging the nonlinear WENO adaptation mechanism still causes significant local dissipation
that can negatively affect global flow properties. Though higher resolution compensates for this, in some
cases adequately increasing the number of grid points is not feasible. There are two primary sources of
nonlinear error: (i) the smoothness measurement that governs the application of WENO stencil adaptation
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and (ii) the coefficients of the individual candidate stencils that govern numerical accuracy when adaptation
engages. Wang and Chen® have optimized both sources for upwind-biased WENO methods in linearized
problems; Ponziani et al.” have optimized the second source for symmetric WENO methods in linear and
nonlinear problems, including isotropic turbulence; and Henrick et al.® have optimized the first source
for upwind-biased WENO methods in linear and nonlinear problems. Additionally, Taylor et al.?»!° have
optimized both sources for symmetric WENO methods in linear and nonlinear problems, including isotropic
turbulence.

The purpose of this paper is to demonstrate that such approaches to reducing error contributions from
nonlinear sources are hindered by an inextricable flaw in the current WENO methodology that we call the
“synchronization deficiency.” We furthermore develop and evaluate a preliminary technique to mitigate the
effects of this deficiency for DNS of compressible turbulence. In Section II, we present relevant background
material, including a description of the linearly-optimized symmetric WENO method that serves as our base
method; Section III introduces the concept of the synchronization deficiency as well as numerical evidence
of its consequences. Our procedure for partially repairing the deficiency is detailed in Section IV, and
in Sections V and VI, we conduct numerical simulations of both one-dimensional inviscid problems and
three-dimensional compressible isotropic turbulence to appraise the practical viability of this technique.

II. Background

A. WENO Methodology
We describe the symmetric WENO methodology*® in the context of the one-dimensional advection equation,

ou 0

() =0 (1)
This model equation represents the decoupled forms of equations belonging to any system of hyperbolic
conservation laws after a transformation from physical into characteristic space. If the spatial domain is
discretized such that z; = ¢A, in which A is the grid spacing, and u; = u (x;), Eq. (1) may be cast into the
semidiscretized form

d;i = —% (fi+% - fi—%) (2)

in which fi+1 /2 is a numerical approximation of f(u(xH_l /2)). Once the right-hand side of this expression
has been evaluated, numerical techniques for solving ordinary differential equations, such as Runge-Kutta
methods, may be employed to advance the solution in time. In order to ensure stability, procedures that
approximate f(u) split it into f(u), which has a strictly non-negative derivative, and f~(u), which has a
strictly non-positive one.

WENO schemes compute fiﬂ /2
each containing r grid points. In the symmetric WENO method, there are (r + 1) stencils in total. The
one fully upwinded stencil ranges from (¢ — r 4+ 1) to 4, the one fully downwinded stencil ranges from (i + 1)
to (i + ), and the other stencils fall in between these two extremes. Figure 1 provides a schematic of this
arrangement for » = 3. Throughout this paper, we will abbreviate any WENO implementation in which the
candidate stencils contain r points as “WENO-r.”

If the flux approximation on stencil k, which contains r grid points, is designated ¢ and the weight
assigned to that stencil is wy, the final numerical approximation becomes

through interpolating polynomials on a number of candidate stencils

.
;; 1= Z Wkqy, (3)
k=0
Specifically, g;, emerge from polynomial interpolants of maximal order r and are defined as
r—1
ar. it3 = ZGZz fimriki41) (4)
1=0

in which a}, are tabulated coefficients; and wy, are normalized forms of weights §2;, defined as
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T
Lp (5)
(6 + ISk)
in which e prevents division by zero, ISy is a smoothness measurement that becomes large when discontinu-
ities are present within stencil k, and p may be varied to increase or decrease WENO adaptation sensitivity.
p = 1 typically provides sufficient adaptation with minimal dissipation. In completely smooth regions, each
stencil is equally desirable, and wy, revert to the optimal weights Cj. As formulated by Jiang and Shu,?

r—1 Tit1)2 8m 2
5=y At / [axmq,:(x)} dx (6)
m=1 z

i—1/2

Q=

in which ¢}, (z) is an interpolating polynomial for the flux that may or may not be the same as the one that
leads to gj, |i+1 /2 in Eq. (4). Equivalently,

r—1 r—1
IS =Y Y dipn f(imriisinn) f(Uimrhimer) (7)
=0 m=0
in which dJ,,, are the coeflicients that arise from Eq. (6).

The corresponding stencil diagram for fzjrl /2
of data points available to the symmetric WENO algorithm is 2r, its maximum order of accuracy is also 2r;
however, the particular implementations employed in the current work have bandwidth-optimized optimal
stencils that prevent more than rth-order accuracy.*® In practice, the weight of the fully downwinded stencil
w, is artificially constrained to be no greater than the least of the others so that adverse stability effects are
avoided.

The continuity of the WENO weighting process allows the performance characteristics of the final nu-
merical stencil to theoretically fall anywhere between those of the least favorable candidate stencil and those
of the optimal stencil. In order to gauge this variation quantitatively but efficiently in a flow field, Weirs*
proposed a combination of the adaptive stencil weights called the nonlinearity index (NI). It is essentially
a measure of the degree of departure from the optimal stencil and is defined as

1
: (r+1) (Qk/ck)]2 :
NI = {1 ——— (8)
(,;J 21— (u/Ch)
This definition forces NI to always be non-negative, and only the optimal stencil can provide a value of zero.

It reaches its theoretical maximum, which is r, when any one candidate stencil is chosen exclusively. We will
often report NI in terms of its normalized value NI’ = NI /r.

is simply a mirror image of Fig. 1. Because the total number

B. Relative Smoothness Limiter

Building on a suggestion by Jiang and Shu,? Taylor et al.?>'° have devised a modification of the standard
WENO smoothness measurement in Eq. (6) known as the relative smoothness limiter. This technique forcibly
imposes the WENO optimal stencil wherever the ratio of maximum to minimum smoothness measurement
(among the collection of candidate stencils) is less than a threshold Agy. ISy is first computed normally;
then

ISy, otherwise
in which
max IS
0<k<r

€+ min ISk
0<k<r

R(IS) = (10)

and in turn ¢ is the value employed in Eq. (5). Because the threshold Agy, applies to a ratio of smoothness
measurements rather than their raw dimensional values, it is broadly effective without adjustment for a wide
variety of flow field configurations. Taylor et al.” 10 set Ag; = 10, and any WENO method that employs
the relative limiting procedure with this value will be referred to in this paper as WENO-RL.
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ITII. Synchronization Deficiency

A. Theory

In theory, the performance characteristics (e.g. bandwidth-resolving capabilities) of the least favorable
WENO candidate stencil dictate a definitive lower bound on the performance characteristics of any possible
final numerical stencil. In practice, however, this is not true.

Consider Eq. (2), the left-hand side of which depends on a fixed combination of fiﬂ 2 and fi,l /2-
According to Egs. (3) and (4),

r r—1
il =) Wk Z gy fimr i+ (11a)
k=0  1=0
T r—1
ficy =D Wk ) ap fimrthti (11b)
k=0  1=0
and so
du; 1 /. A
dtl = _Z (fi+% - fi—%)
1 r r—1
- A Zwk lai,r_l fitr — GZ,O ficrik + Z (a2,1—1 - agz) Jimr ket (12)
k=0 =1

r

= - Zwk Zbkz fz r+k+1
k 0 =0

in which coefficients can be equated to yield

—ay o =0
b=9 ap,1—ap, 0<l<r (13)
ay ,_1s l=r

The coeflicients by, not aj,;, are the relevant parameters for determining and optimizing the properties of the
kth candidate stencil. Since b}, are independent of the adaptive quantities wy, the performance characteristics
of individual candidates appear to be guaranteed regardless of local WENO adaptation. The flaw in this
argument is the implicit assumption in Eq. (11) that wy are equal for le /2 and fica /2

The smoothness measurement ISk, as presented in Eq. (7), depends entlrely on the flux information
available within stencil k, which spans slightly different points for le /2 and fl 1/2- Because the collections
of data values on the two versions of the stencil may be unequal, the associated stencil weights wy must be
assumed to vary. If we designate w,f to mean the wy that belong to fiﬂ/g, Eq. (11) becomes

i+l = Zwk Zakl ficrthtitt (14a)
k=0

fie -1 = Zwk Z%z Jimrtk+l (14b)

and in turn Eq. (12) becomes

dui o
dt

1
A
1< k.
= _Z w,j [az,r—l fi-l—k ak 0 fl r+k + Z (GZJ 1 iakl> fi_T+k+l] (15)
k
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in which coefficients can be equated to yield

_ Yk 7 =
N o ay 0 =0
- W,
b = A1 — fFag, 0<l<r (16)
k
a’,;r_l, l=r

The relevant parameters for determining and optimizing the properties of the kth candidate stencil are now

the new coefficients b7,. These, unlike the old b7;, do depend on the adaptive quantities w,f; and, since ay,

are fixed, 5’; = b}, if and only if w, = w,':. Note that equality necessarily holds when fiil /2 both employ the
optimal stencil weights C}, so this synchronization deficiency is irrelevant in completely smooth flow regions.

In regions in which WENO adaptation has engaged, however, b}, # b}, can force the actual individual stencil
characteristics to diverge from the expected theoretical properties described by by, .

B. Numerical Evidence

Though the WENO synchronization deficiency is certainly valid from a mathematical standpoint, variation
between by, and b, may in practice be negligibly small. After all, the candidate stencils for f;_;/, are
displaced from those of f; /o by only one point. We investigate this possibility by implementing a naive
forcibly synchronized WENO (SWENO) method for the one-dimensional advection equation of Eq. (1).
After obtaining the normalized stencil weights wy, according to Section II.A, we set

() = % (wi +wy) (17)
and then normalize (Qy) to form the synchronized stencil weights (wy) that apply to both fi+1 /2 and fioi /2

The effects of synchronizing a bandwidth-optimized WENO-4 scheme in this manner are presented in
Fig. 2, which depicts a linearly advected sine wave with seven points per wavelength after twenty wavelength-
times. For reference we include results from the original (unsynchronized) WENO-4 scheme, both with and
without stencil adaptation permitted. Figure 2(a) shows that, while the WENO-4 scheme causes notable
dissipation, the SWENO-4 scheme maintains the proper wave shape nearly as faithfully as when adaptation is
prohibited. In Fig. 2(b), we plot the nonlinearity index NI’ for each of these schemes to demonstrate that the
improvement offered by the SWENO method is not due simply to closer conformance to the optimal stencil.
The decrease in overall NI’ from the adaptation-permitted WENO-4 scheme to the adaptation-prohibited
WENO-4 scheme dwarfs the decrease from the former to the SWENO-4 scheme, yet the SWENO-4 flow
solution is almost equivalent to the adaptation-prohibited WENQO-4 solution.

This exercise proves that the synchronization deficiency is not merely a mathematical curiosity; its
consequences unquestionably contaminate the results of numerical simulations.

IV. Forced Synchronization

Attempting to extend the forcibly synchronized WENO method of Section III.B to non-smooth initial
data explains our previous warning that this approach is naive. Consider a linearly advected perfect shock
located somewhere between points x;_1 and x; as sketched for r = 3 in Fig. 3. Without explicitly calculating
the smoothness measurements IS; and resulting weights wy, we can still qualitatively determine that a
candidate stencil receives small weight if it crosses the discontinuity and large weight otherwise. (Recall that
the fully downwinded stencil is never allowed to hold more weight than the least-weighted of the others.)
According to this principle, the bold stencils in the second half of Fig. 3 are those favored independently
for calculating fi11/2, and they are clearly mutually exclusive. If wy are to be synchronized, some form of
compromise is necessary; it is this compromise that undermines the WENO shock-capturing capability.

Before proceeding into the supporting argument, we first modify Eq. (17) so that it contains a free
parameter o:

() = a (M) — M_) + M_ (18)

in which
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M_ = min (w;,w;) (19)
My = max (w,':,w,;)

o = 0 is equivalent to () = min (w},w; ); @ = 1 is equivalent to Eq. (17); and a = 1 is equivalent to
(Q) = max (w,j, w,;) Using these three representative values to forcibly synchronize the stencil weights of
the ideal configuration described in Fig. 3, we arrive at the results in Tables 1-3. A circle (o) indicates favor,
a cross (x) indicates disfavor, and a dash (-) indicates no favor either way. For a = 0, all candidate stencils
are equally disfavored, and without one or several distinctly superior candidates, the WENO method reverts
to its optimal stencil, which is appropriate only for smooth regions. For o = % and o = 1, the 1st and 3rd
synchronized stencil weights are clearly negligible compared to the other two, but the dlscontmulty spanning
stencils (k = 2 for fz+1 s2 and k = 0 for fz 1/2) fall within the latter, not the former. Thus none of these
cases adequately captures shocks.

In order to preserve the robust shock-capturing capability of unsynchronized WENO methods, we must
selectively suspend synchronization in neighborhoods of strong discontinuities. The form of our criterion
for this switch arises naturally from the root cause of the perfect-shock failure above, which is the mutual
exclusivity of the candidate stencils favored for computing fiil /2. In mathematical terms, for the scenario
depicted in Fig 3, the ratio of min (w,j,w,;) to max (wlj,w;) is much less than unity for all values of k
for which wk and w, are not both negligible. We prefer, however, the more conservative condition that
this ratio be much less than unity for at least one value of k, regardless of the magnitudes of wk , because
it promotes greater stability and also requires only one variable parameter. We designate the individual
suspension indicators 1, as

e+M_
(o { L <6 (20)

0, otherwise

in which ¢ is the value employed in Eq. (5) and § is a free parameter; and from these we define the master
suspension indicator ¥ as

v { (1)7 2 k=0 ¥k >0 (21)

otherwise

If U =0 (“false”), synchronization is allowed to proceed according to Eq. (18); if ¥ =1 (“true”), synchro-
nization is suspended, leaving the original stencil weights w,ff in place.

The addition of conditional suspension of synchronization to the forcibly synchronized WENO (SWENO)
method grants it full viability as a numerical method and completes the theoretical framework of this section.
What remains are two practical considerations. First, an SWENO scheme with r points per candidate stencil
requires significantly more computational time than an unsynchronized WENO scheme with the same number
of points. Efficient WENO implementations recognize that le /2 at grid point ¢ = j is equivalent to fl 1/2
at point (i = j + 1) and therefore calculate only fz+1 /2 at each point. Synchronization, however, introduces
the possibility that fz+1 /2 at i = j may depend on different stencil weights than those producing fZ 1/2 at

i = j+1; thus SWENO methods must calculate both fzil /2 at every grid point. Also of practical concern are
appropriate values for the variable parameters o and (. 3’s qualitative role is clear: it must be large enough
to suspend synchronization wherever stability demands so and small enough to permit synchronization
elsewhere. The role of « is less clear, even from a qualitative standpoint, due to the re-normalization that
transforms the synchronized weights (Q) into (wy).

Figure 4 provides a rough constraint on plausible values for § by plotting the weight ratio M_ /M
on each WENO candidate stencil for an instantaneous sinusoidal signal with six points per wavelength.
A WENO-3 scheme is addressed in Fig. 4(a) and a WENO-4 scheme in Fig. 4(b). Although the analytic
signal is smooth, the low numerical resolution is approaching the point at which these variations become
indistinguishable from discontinuities; therefore WENO adaptation is already strongly engaged, as indicated
by the displayed weight ratios. The range of ratios attained over all stencils is similar for the WENO-3 and
WENO-4 schemes, and restricting 3 to fall below 0.1 would be conservatively sufficient to avoid unnecessary
suspension of synchronization in either case. Presumably, this bound would also be sufficient for any other
perfectly sinusoidal signal of higher resolution.
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V. One-Dimensional Euler Simulations

A. Shock Tube

The inviscid shock tube problem probes the ability of a shock-capturing method to capture isolated fluid
flow discontinuities (both shocks and contact discontinuities) in an environment as free as possible from
other complicating factors. Our simulations set conditions at the right boundary to be atmospheric with
zero velocity and conditions at the left boundary to be the same except for a doubling of the density and
pressure. Initially, a discontinuous jump exists between the two states at /L = 0.5, in which L is the length
of the tube; and we evolve the simulations in time until ¢ = 0.3 L/a, in which « is the initial speed of sound.
For orientation purposes, Fig. 5 displays density profiles computed by unsynchronized bandwidth-optimized
WENO-3 and WENO-4 schemes on 129 grid points versus a converged profile computed by the WENO-4
scheme on an excessively fine grid of 2049 points. From left to right, the flow features are the leftward-moving
rarefaction wave, the rightward-moving contact discontinuity, and the rightward-moving shock.

Figure 6 presents the results of forcibly synchronizing the low-resolution WENO-3 scheme using various
values for the parameters o and 3. Because the data near the rarefaction wave and contact discontinuity are
consistent between each of the methods, this figure focuses on the shock; the density profiles of Fig. 6(a) show
that its location varies moderately. For fixed 3, increasing « pushes the shock to the right, and increasing
0 slightly narrows the range of this variation. The best match to the original WENO-3 scheme is provided
by (8 = 0.05,a = 0.5) although (8 = 0.01,« = 0.5) also produces acceptable results. In Fig. 6(b), we more
closely examine the SWENO suspension mechanism by plotting a version of the master synchronization
suspension indicator ¥ over a sketch of the WENQO-3 density profile. Since the Euler equations generate
both positive- and negative-traveling fluxes f*(u) and f~(u), we adopt the convention here that ¥ = 1
implies ¥ = 1 for both, ¥ = % implies ¥ = 1 for one but not the other, and ¥ = 0 implies ¥ = 1 for neither.
Overall, a generous region of double-suspension encases the shock, but for most parameter combinations,
especially those with # = 0.01, the individual suspension profiles bounce erratically between double-, single-,
and even no suspension. Ouly (8 = 0.05,« = 0.5) avoids this bouncing.

The results of synchronizing the low-resolution WENO-4 scheme are presented in Fig. 7. Like the
SWENO-3 data, the density profiles of Fig. 7(a) reveal that, for 5 = 0.01, the location of the shock shifts
to the right as « increases. Unlike the SWENO-3 data, such a variation is entirely absent when § = 0.05,
and all values of « lead to a shock propagation speed that precisely matches that of the original WENO-4
scheme. In Fig. 7(b), the master suspension indicator ¥ echoes these similarities and differences. As before,
for = 0.01, the individual suspension profiles within and around the shock bounce unpredictably between
double- and single-suspension though none now drop to zero. Now, however, all SWENQO schemes with
[ = 0.05 maintain strict double-suspension across the shock and transition sharply on either side to no
suspension.

B. Shu-Osher Problem

The Shu-Osher problem places smooth density fluctuations upstream of a moving shock front to probe the
ability of a shock-capturing method to capture discontinuities embedded within pseudoturbulence without
damaging the fine structures. Our simulations set conditions at the right boundary to be atmospheric with
zero velocity and conditions at the left boundary such that the shock between the two states experiences a
relative incoming Mach number of three. Sinusoidal density fluctuations are imposed upstream of this shock
with wavelength A\ = %L and excursions of +0.2pg, in which the subscript R indicates the right boundary.
Initially, the shock is positioned at /L = A, and we evolve the simulations in time until ¢ = 0.2 L/ag.
For orientation purposes, Fig. 8 displays density profiles computed by unsynchronized bandwidth-optimized
WENO-3 and WENO-4 schemes on 193 grid points versus a converged profile computed by the WENO-4
scheme on an excessively fine grid of 2049 points. An undisturbed portion of the original fluctuation field
lies upstream of the main shock, immediately downstream is a region of physically correct high-frequency
fluctuations, and further downstream is a region of low-frequency fluctuations with interspersed shocklets.
Figure 9 presents the results of forcibly synchronizing the low-resolution WENO-3 scheme using the same
values for the parameters o and § as in the shock tube simulations. Omitted from the density profiles of
Fig. 9(a) are two of the SWENO cases with 5 = 0.01 because these all diverge substantially from both the
converged and under-resolved WENO-3 profiles and one sample is sufficient for illustration. In fluctuation
regions that have already passed through the main shock, setting 8 = 0.01 leads to baseline densities that
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are significantly higher than their proper values, especially among the high-frequency fluctuations. Also, the
predicted position of the main shock noticeably leads its correct position. Setting § = 0.05, on the other
hand, produces none of these deficiencies, and, additionally, these SWENO schemes meaningfully reduce
dissipation in the high-frequency region compared to the original WENO-3 scheme. Note that the small
phase error highlighted by this improvement was already present in the WENO-3 results. In Fig. 9(b), we
plot the master suspension indicator ¥ for these accurate SWENO cases only. Although the competition
between single-suspension and no suspension is too complex to summarize generally, double-suspension
always occurs near the shocklets and main shock and never anywhere else.

The results of synchronizing the low-resolution WENQO-4 scheme are presented in Fig. 10. We include
only one of the SWENO cases with 8 = 0.01 among the density profiles of Fig. 10(a) because all three exhibit
subtle indications of instability in the high-frequency region and slightly overpredict the position of the main
shock. As before, setting 5 = 0.05 eliminates these deviations and meaningfully reduces dissipation in the
high-frequency region, most noticeably near its junction with the post-interaction low-frequency region to
the left. The three profiles of the master suspension indicator ¥ that we plot in Fig. 10(b) again indicate
consistent double-suspension close to the shocklets and main shock and nowhere else, but these double-
suspension regions are now wider, as are many areas of no suspension.

VI. Three-Dimensional Isotropic Turbulence Simulations

Decaying three-dimensional isotropic turbulence is a canonical flow field that realistically represents the
small scales of many turbulent flows and, if compressible, can generate shocklets that are strong and numerous
enough to require shock-capturing methods. Its physical domain is a three-dimensional cube with periodic
boundary conditions and an edge length that encompasses a sufficient sample of large-scale turbulence
structures; an evenly-spaced Cartesian grid discretizes this domain into N3 points. We conduct direct
numerical simulations (DNS) of isotropic turbulence that approximate the convective terms of the Navier-
Stokes equations with various WENO and SWENO methods, the viscous terms with fourth-order-accurate
finite differences, and time advancement with a third-order-accurate low-storage Runge-Kutta scheme.

The following two nondimensional parameters are important for characterizing the state of isotropic
turbulence: the Reynolds number based on the Taylor microscale

!
()
in which u}, . is the root-mean-squared velocity (per component) and A is the Taylor microscale, and the
turbulent Mach number

M, = -L (23)

(a)

in which (a) is the average speed of sound and ¢ is the root-mean-squared total velocity magnitude. Note
that Re) and M; are not constant throughout a simulation because the global strength of the turbulent
fluctuations steadily decays over time without external forcing, which we do not include. The combinations
of Rey and M; with which we initialize our flow fields are listed in Table 4 along with the resolution required
for a converged WENO-RL-4 solution (N%) and a lower resolution (N2) that we use to test the SWENO
methods. Each initial field is a solenoidal approximation that we evolve on 2563 grid points for the duration
of the initialization transient, which we find to be roughly 1.5 7, where 7 is the initial state’s reference time
AUl We then filter the resulting field to an appropriate grid resolution from Table 4 and begin our data
runs.

Figure 11 presents results pertaining to one sample set of turbulence conditions (initial Reyx = 50 and
M, = 0.7) using the original WENO-3 scheme, various SWENO-3 schemes, and, for comparison, the relative-
limited WENO-3 (WENO-RL-3) scheme.”'? Because 8 = 0.05 has proven to be consistently more robust
than 8 = 0.01 in one-dimensional test cases, we restrict our attention in this section to the former. In
Fig. 11(a), we track the temporal evolution of average turbulent kinetic energy <pq2> normalized by its value
at t/7, = 1.5 (when the test runs begin). The converged solution indicates the rate of energy decay that is
natural, and the remaining solutions, on coarser grids, exhibit varying degrees of additional dissipation due
to their numerical methods. The SWENO schemes succeed in reducing excess dissipation by a small amount;
however, this improvement falls far short of the reduction achieved by the WENO-RL scheme. Information
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of a more local nature is available through the instantaneous energy spectra of Fig. 11(b), which displays
nondimensional spectra for each of the schemes at t/7 = 3.0. Note that the offset between the converged
solution and the others at low wavenumbers is merely an artifact of the normalization. Within the zoomed
area, the WENO-RL solution tracks slightly more closely to the converged solution than the other coarse-grid
cases; otherwise, there are no discernible differences.

A similar presentation of results for WENO-4 and SWENO-4 schemes under the same turbulence condi-
tions is provided by Fig. 12. Figure 12(a) tracks the temporal evolution of average turbulent kinetic energy,
and, aside from a systematic decrease in global dissipation due to the greater number of stencil points, we
observe trends mostly in line with those of Fig. 11(a). The only difference is that a strong variation with
the synchronization parameter a is now apparent. Unlike the SWENO-3 results, however, the coarse-grid
energy spectra of Fig. 12(b) reveal no measurable differences between any of the WENO-4 or SWENO-4
solutions, including the WENO-RL solution.

We adopt as a convenient measure of global numerical dissipation the time-integrated decay of average
turbulent kinetic energy beyond that which occurs naturally in converged solutions. In Fig. 13, we display
graphical comparisons of this quantity for WENO-3 and SWENO-3 schemes under all isotropic turbulence
conditions listed in Table 4 and for all tested synchronization parameters. Errors are normalized so that the
error of the original WENO-3 scheme is always unity. In general, particular choices of turbulence conditions
do not drastically influence any of the results, and the WENO-RL scheme consistently outperforms each of
the SWENO schemes. As « increases, SWENO dissipation error consistently decreases, and sensitivity to «
increases moderately with both Rey and M; (independently). As M; increases, the efficacy of the relative
limiter slowly diminishes so that the performance gap between the WENO-RL and SWENO schemes narrows
slightly. In Fig. 14, we display our numerical dissipation measure similarly for the WENO-4 and SWENO-4
schemes, and most of the previously observed trends hold for these as well. Now, however, performance is
considerably more sensitive to precise values of «; and setting o = 0.1 appears to increasingly destabilize
simulations for higher Re) and lower M;.

VII. Conclusions

The WENO synchronization deficiency unquestionably generates excessive numerical dissipation when
stencil adaptation engages and thus hinders the ability of WENO methods to accurately resolve fine scales of
compressible turbulence. Because forced synchronization roughly doubles the computational requirements of
an already expensive methodology, care must be taken to ensure that the cure is not worse than the affliction;
however, the consequences of the synchronization deficiency are serious enough that potential improvements
in grid-convergence rates can outweigh the additional fixed-grid expense.

Selectively-suspended forced synchronization, as currently formulated, can be highly successful in one-
dimensional test cases for certain combinations of the synchronization parameters o and (3. Although the
following trend is not without deviations, setting § = 0.05 generally allows SWENO schemes to faithfully
predict the location of the shock front in the shock tube problem and also to avoid instabilities within
the Shu-Osher problem’s shock-pseudoturbulence interaction. Furthermore, subject to this constraint, both
the SWENO-3 and SWENO-4 methods significantly reduce dissipation in the high-frequency region of the
Shu-Osher problem even though synchronization is only partially engaged throughout much of it.

The forced-synchronization technique is less successful, but still useful, in simulations of three-dimensional
compressible isotropic turbulence. SWENO schemes reduce global dissipation by only about one-third to
one-half of the amount achieved by the previously developed modification known as the relative smoothness
limiter, which requires virtually no additional computational expense. Interestingly, while the energy spec-
trum of the WENO-RL-3 scheme is marginally closer to the converged spectrum within the inertial range
than the original WENO-3 spectrum, none of the SWENO-3 spectra deviates noticeably from the original.
Because the various WENO-4 methods produce no such variation, the significance of this observation is
unclear and may be none at all. The dissipation reduction of the SWENO method appears to improve with
increasing «, but we caution against drawing too firm a conclusion from this. On the one hand, moderate
instabilities may be mimicking an additional decrease in dissipation in the global view, and on the other
hand, unstable excursions should trigger increased WENO adaptation and hence counter-dissipation. More
localized inspections of the flow fields are necessary to resolve this ambiguity.

We will continue our investigation into the WENO synchronization deficiency and techniques to mitigate
its effects. One line of questioning is the possibility of a smooth rather than abrupt transition between
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forced synchronization and the suspension thereof; another is the possibility of a supplementary condition,
mirroring Eq. (20), for forcibly imposing the WENO optimal stencil in nearly smooth regions. A forced
synchronization procedure that is both robust and broadly effective for a variety of flow configurations will
be worth its computational expense.
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k| ol wp ()
0 X o X
1 X X X
2 o X X
3 X X X

Table 1. WENO-3 candidate stencil weights for the perfect shock of Fig. 3 before and after naively forced
synchronization that sets (Qy) = min(w;wk’). (0): favored, (x): disfavored, (—): neither.

O(Zl

2
Bl owf wp (%)
0 X o -
1 X X X
2 o X -
3 X X X

Table 2. 'WENO-3 candidate stencil weights for the perfect shock of Fig. 3 before and after naively forced
synchronization that sets (Qy) = %(w;r +wg ). (0): favored, (x): disfavored, (-): neither.

a=1
k| wp wy (%)
0 X o o
1 X X X
2 o X o
3 X X X

Table 3. 'WENO-3 candidate stencil weights for the perfect shock of Fig. 3 before and after naively forced
synchronization that sets (Qy) = max(w;:,wk_). (0): favored, (x): disfavored, (—): neither.
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Re), M, N$ N3
0.4
35 0.7 1283 643
1.0
0.4
50 0.7 160° 967
1.0
0.4
75 0.7 1923 1283
1.0

Table 4. Governing parameter initial values and grid resolutions for direct numerical simulations of com-
pressible isotropic turbulence. Nf"F grids produce converged reference solutions, and N3 grids are for active
testing.

Figure 1. Symmetric WENO-3 candidate stencils for approximating the numerical flux fiu/z'
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(a) Numerical and exact solutions.
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0.4 o NI': No Adaptation
: = NI'SWENO
[ | | 1 | | - 1 | | 1 | | 1 | |
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(b) Normalized nonlinearity index NI’ layed over the exact solution.

Figure 2. Linearly advected sine wave with seven points per wavelength as computed by WENO-4 and
synchronized WENO-4 (SWENO-4) schemes, with and without adaptation, after twenty wavelength-times.
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shock shock profile
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Figure 3. WENO-3 candidate stencils for approximating the numerical fluxes f;lm when a perfect shock is
located somewhere between points z;_; and z;. Bold stencils are strongly weighted.
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(a) WENO-3.

0.0 0.2 0.4 0.6 0.8 1.0
X/

(b) WENO-4.

Figure 4. Left-versus-right weight ratio M_ /My on each candidate stencil of the indicated WENO methods
for an instantaneous sinusoidal signal with six points per wavelength.
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Figure 5. Density profile for the inviscid shock tube problem as computed by (unsynchronized) WENO-3 and
WENO-4 schemes on 129 grid points.
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(b) Synchronization suspension indicator ¥ layed over a density profile sketch.

Figure 6. Shock from the shock tube solution of Fig. 5 as computed by WENO-3 and synchronized WENO-3
(SWENO-3) schemes with varying parameters o and £.
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(b) Synchronization suspension indicator ¥ layed over a density profile sketch.

Figure 7. Shock from the shock tube solution of Fig. 5 as computed by WENO-4 and synchronized WENO-4
(SWENO-4) schemes with varying parameters o and S.
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Figure 8. Density profile for the one-dimensional Shu-Osher problem as computed by (unsynchronized) WENO-
3 and WENO-4 schemes on 193 grid points.
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(b) Selected synchronization suspension indicators ¥ layed over a density profile
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Figure 9. Fluctuations and main shock from the Shu-Osher problem of Fig. 8 as computed by WENO-3 and
synchronized WENO-3 (SWENO-3) schemes with varying parameters « and §.
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Figure 10. Fluctuations and main shock from the Shu-Osher problem of Fig. 8 as computed by WENO-4 and
synchronized WENO-4 (SWENO-4) schemes with varying parameters « and f.
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(a) Temporal evolution of average turbulent kinetic energy (normalized by its
value at ¢t/ = 1.5).
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(b) Nondimensional energy spectrum at t/7¢ = 3.0.

Figure 11. Compressible isotropic turbulence traits as computed by WENO-3, selected synchronized WENO-
3 (SWENO-3), and, for comparison, relative-limited WENO-3 (WENO-RL-3) schemes on 963 grid points for
initial Re) = 50 and M = 0.7.
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(a) Temporal evolution of average turbulent kinetic energy (normalized by its
value at ¢t/ = 1.5).
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(b) Nondimensional energy spectrum at t/7¢ = 3.0.

Figure 12. Compressible isotropic turbulence traits as computed by WENO-4, selected synchronized WENO-
4 (SWENO-4), and, for comparison, relative-limited WENO-4 (WENO-RL-4) schemes on 963 grid points for

initial Rey = 50 and M; = 0.7.
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Figure 13. Dissipative error in compressible isotropic turbulence produced by WENO-3, synchronized WENO-
3 (SWENO-3), and, for comparison, relative-limited WENO-3 (WENO-RL-3) schemes for varying initial Re
and M;.
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Figure 14. Dissipative error in compressible isotropic turbulence produced by WENO-4, synchronized WENO-
4 (SWENO-4), and, for comparison, relative-limited WENO-4 (WENO-RL-4) schemes for varying initial Re
and M;.
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