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Studies of the turbulence-chemistry interaction (TCI) are performed in hypersonic tur-
bulent boundary layers using direct numerical simulation (DNS) flow fields under typical
hypersonic conditions representative of blunt-body and slender-body hypersonic vehicles,
with supercatalytic and noncatalytic wall conditions in pure air. Nondimensional govern-
ing parameters, ‘interaction’ Damköhler number and relative heat release, are proposed to
measure the influence of TCI on flow composition and temperature. Both a priori and a

posteriori studies are performed to assess the effect of TCI on chemical production rates
and mean and turbulence flow characteristics. In addition, an effective approach (called
PDF-TS) to estimate the intensity of TCI based on ‘laminar-chemistry’ Reynolds aver-
aged Navier-Stokes (RANS) mean flow solutions is presented, which combines an assumed
probability density function (PDF) with a temperature fluctuation scaling (TS), and can
be used to identify regions where TCI could be potentially important.

Nomenclature

w chemical production rate, kg/m3s, or wall-normal velocity, m/s
u streamwise velocity, m/s
v spanwise velocity, m/s
T temperature, K
c concentration, mol/m3

Y species mass fraction, dimensionless
W molecular weight, kg/mol

ν stoichiometric coefficient, dimensionless
k reaction rate coefficient
Keq equilibrium constant
Ta activation temperature
M Mach number, dimensionless
ρ density, kg/m3

ns total number of species, dimensionless
δ boundary layer thickness, m
θ momentum thickness, m
δ∗ displacement thickness, m
H shape factor, H = δ∗/θ, dimensionless

q heat flux, qj = −κ ∂T
∂xj

, J/(m2·s), or turbulence kinetic energy, q = u′2+v′2+w′2

2 , m2/s2

Cp heat capacity at constant pressure, J/(K·kg)
Cv heat capacity at constant volume, J/(K·kg)
γ specific heat ratio, γ = Cp/Cv, dimensionless

Tr recovery temperature, Tr = Tδ(1 + 0.9 ∗ γ−1
2 M2

δ ), K
uτ friction velocity, m/s
h specific enthalpy, J/kg
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h◦ heat of formation, J/kg

p pressure, p =
∑

s ρs
R̂

Ms
T , Pa

E total energy, J/m3

µ mixture viscosity, kg/(m·s)
Sij strain rate tensor, Sij = 1

2 (∂ui/∂xj + ∂uj/∂xi), s-1

σij shear stress tensor, σij = 2µSij − 2
3µδijSkk, Pa

κ mixture thermal conductivity, J/(K·m·s)
J diffusive mass flux, kg/m2·s
Le Lewis number, dimensionless

Reθ Reynolds number, Reθ ≡ ρδuδθ
µδ

, dimensionless

Reδ2 Reynolds number, Reδ2
≡ ρδuδθ

µw
, dimensionless

Reτ Reynolds number, Reτ ≡ ρwuτ δ
µw

, dimensionless

Superscripts

+ inner wall units
Subscripts

∞ freestream
δ boundary layer edge
s chemical species
f forward reaction
b backward reaction
w wall variables
x streamwise spatial coordinates
y spanwise spatial coordinates
z wall-normal for spatial coordinates

I. Introduction

The boundary layers on hypersonic systems, including re-entry capsules and air-breathing vehicles, are
turbulent and chemically reacting. Fluctuations in temperature and species composition cause fluctuations
in species production rate ws(T, c). Because of the nonlinear dependence of ws on its parameters, we have

ws(T, c) 6= ws(T , c)

and the difference is referred to as TCI, where overbar indicates a mean quantity.
It is well established today that in the field of combustion TCI significantly influences the turbulent mixing

and the reaction of fuel and air at high speeds, and is important for predicting many flow quantities such as
reaction rates and ignition delay.1–7 The equivalent information is not yet known for hypersonic boundary
layers. As a result, existing Reynolds-averaged-Navier-Stokes (RANS) calculations for hypersonic boundary
layers have neglected the interrelationship between chemistry and turbulence, and the error introduced by
such a simplification is largely uncertain.

Direct numerical simulations provide a vast amount of accurate data and have been used to analyze
turbulent boundary layers at high Mach numbers. Most of the DNS studies have been carried out at low-
enthalpy, non-reacting conditions. For example, DNS of nonreacting turbulent boundary layers have been
performed by Guarini et al.8 at Mach 2.5, Pirozzoli et al.9 at Mach 2.25, Maeder et al.10 at Mach 3, 4.5 and
6, Duan et al.11 at Mach 5 with wall-to-freestream-temperature ratio varying from 1 to 5.4, Duan et al.12

with freestream Mach number varying from 3 to 12, and Dong & Zhou13 with Mach number varying from
2.5 to 6. An essential part of these DNS studies is to provide detailed turbulence statistics for checking the
validity of empirical turbulence scalings as well as for developing turbulence models.

There are only limited DNS studies of turbulent boundary layers at high enthalpy conditions including
with chemical reactions. Almost all previous DNS studies of chemically reacting turbulent boundary layers
focused on the difference between reacting and non-reacting boundary layers, and have shown that chemical
reactions significantly influence flow quantities such as mean and RMS velocity and temperature, skin friction
and surface heat flux.14–17 However, the direct effects due to the differences between ws(T, c) and ws(T , c)
have not been fully explored.
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In the current study, we assess the significance of TCI in turbulent boundary layers under typical hy-
personic conditions by a priori and a posteriori studies using DNS data. Both the influence of turbulent
fluctuations on the chemical production rates, and the influence of the modified chemical production rates on
the mean and turbulent quantities will be investigated. In addition, an effective approach (called PDF-TS)
to estimate the intensity of TCI based on ‘laminar-chemistry’ Reynolds averaged Navier-Stokes (RANS)
mean flow solutions is presented, which combines an assumed probability density function (PDF) with a
temperature fluctuation scaling (TS), and can be used to identify regions where TCI could be potentially
important.

The paper is structured as follows. Flow conditions and simulation details appear in Sections II and III,
respectively. The production rate calculation for finite-rate chemistry in chemically reacting flow is given
in Section IV. Non-dimensional governing parameters for TCI are proposed in Section V. A priori and a

posteriori studies of TCI using DNS data are given in Section VI. The PDF-TS method is introduced in
Section VII. Finally, conclusions are drawn in Section VIII.

II. Flow condition

We consider the boundary layer on a lifting-body consisting of a flat plate at an angle of attack, which
flies at an altitude of 30km with a Mach number 21. Two different inclined angles, 35◦ and 8◦, are considered,
denoted as Wedge35 and Wedge8, respectively. For the case Wedge35, the angle of attack is sufficiently large
that the flow behind the shock attains a temperature high enough to produce chemical reactions, and the
boundary layer is representative of those on a blunt-body hypersonic vehicle. For the case Wedge8, the angle
of attach is small so that the flow at the edge of the boundary layer is cold and non-reacting. Within the
boundary layer the temperature rises due to the recovery effects and the flow is partially dissociated. The
boundary layer in this case is typical of those on a slender-body hypersonic vehicle. For both cases, the
boundary layer conditions for the DNS domain are established by extracting them from a larger domain
finite-volume RANS calculation using DPLR,18 which is obtained using five-species-air-reaction mechanism,
Equation 5 below, and considers chemical processes of 5 species: N2, O2, NO, N , O. The flow conditions
for RANS are given in Table 1. Figure 1 shows the entire computational domain for RANS calculation
and the DNS subdomain identified to explore turbulence-chemistry interaction for both conditions. In order
to investigate the influence of species boundary conditions on TCI, we consider both ‘supercatalytic’ and
‘noncatalytic’ surface-catalytic models for each flow conditions. The supercatalytic and noncatalytic surface-
catalytic models used in the current analysis are representative of the extreme conditions that might happen
at the surface of a re-entry flight. The details of surface-catalytic model and species boundary conditions are
discussed in Section III.B. For simplicity, we refer to Wedge35 with supercatalytic wall as Wedge35supercata,
Wedge35 with noncatalytic wall as Wedge35noncata. Similar definitions are used for case Wedge8. Table 2
lists the boundary layer edge conditions and wall parameters for all DNS cases.

M∞ ρ∞(kg/m3) T∞(K) Tw(K)

21 0.0184 226.5 2400.0

Table 1. Freestream and wall parameters for the larger domain finite-volume RANS calculation

Cases Mδ ρδ(kg/m3) Tδ(K) Tw(K) Tw/Tr Reθ Reτ Reδ2 θ(mm) H δ(mm)

Wedge35supercata 3.44 0.175 4456.5 2400.0 0.20 966.2 906.4 1544.5 0.154 1.79 1.397

Wedge35noncata 3.43 0.175 4464.9 2400.0 0.20 1001.1 978.5 1661.7 0.173 2.17 1.746

Wedge8supercata 10.3 0.0834 948.1 2400.0 0.15 3195.1 859.7 2069.2 0.389 15.4 10.3

Wedge8noncata 10.3 0.0834 948.1 2400.0 0.15 3058.1 741.0 1941.0 0.360 14.9 8.87

Table 2. Dimensional bounday layer edge and wall parameters for direct numerical simulations
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III. Simulation details for DNS

III.A. Governing equations, constitutive relations and numerical methods

The governing equations, constitutive relations and numerical method for DNS of chemically reacting flow
are described in detail in our previous paper.19 Therefore, only a cursory description is given here.

The equations describing the unsteady motion of a reacting fluid are given by the species mass, mass-
averaged momentum, and total energy conservation equations, which, neglecting thermal non-equilibrium,
are

∂ρs

∂t
+

∂

∂xj

(

ρsuj + Jsj

)

= ws

∂ρui

∂t
+

∂

∂xj

(

ρuiuj + pδij − σij

)

= 0 (1)

∂E

∂t
+

∂

∂xj

(

(

E + p
)

uj − uiσij + qj +
∑

s

Jsjhs

)

= 0

The thermodynamic properties of high-temperature air species for evaluating total energy E and species
enthalpy hs are computed by NASA Lewis curve fits.20 Mixture transport properties µ and κ for evaluating
stress tensor σij and heat flux qj are calculated using the Gupta21-Yos22 mixing rule. Fick’s diffusion model
with unity Lewis number is used for calculating species diffusion flux Jsj . The gas-phase reaction mechanism
and the formula for evaluating species production rate ws are introduced in detail in Section IV.

For numerical discretization, we use a linearly and non-linearly optimized, 4th-order-accurate weighted
essentially-non-oscillatory (WENO) method23, 24 for convective terms, which is a high-order shock-capturing
scheme with optimal bandwidth efficiency and minimum numerical dissipation. We use 4th-order-accurate
central difference scheme for viscous term and 3rd-order-accurate low-storage Runge-Kutta method25 for
time integration, as in Mart́ın26 and Duan & Mart́ın.19

III.B. Initial and boundary conditions

The initial DNS flow field is obtained by first exacting the mean profiles from the RANS calculation at the
location indicated in Figure 1, and then superimposing the fluctuating field. The fluctuating field is obtained
by transforming that of an incompressible turbulent boundary layer DNS using well-established scaling laws.
The details of this initialization technique are introduced by Mart́ın.26

On the wall boundary, non-slip conditions are used for the three velocity components. The wall temper-
ature is prescribed and kept isothermal. The flow condition on the top boundary are fixed edge conditions
which are extracted from the RANS calculation. Periodic boundary conditions have been used in the stream-
wise and spanwise directions.

We consider two extreme cases for species boundary conditions. The first case is so-called ’noncatalytic’
wall, which assumes no atom recombination and minimal enthalpy recovery at the surface. The species
boundary condition for noncatalytic wall is

(

∂Y

∂n

)

s,w

= 0 (2)

with n the unit vector in the wall normal direction.
The other extreme case is the so-called ‘supercatalytic’ wall, which assumes infinitely fast atom recom-

bination and maximum enthalpy recovery at the surface. In this case, the chemical composition at the wall
recovers to that in the freestream and the species boundary condition is simply

Ys,w = Ys,∞ (3)

Note, Ys,∞ is the flow composition for the cold air upstream of the leading-edge shock and may be different
from the post-shock boundary layer edge composition Ys,δ.
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III.C. Numerical simulation parameters

The computational domain size and grid resolution are determined based on the characteristic large length
scale, δ, and the characteristic small, near-wall length scale, zτ , respectively. The computational domain
is chosen to be large enough to contain a good sample of the large scales, while the grid resolution is fine
enough to resolve the near wall structures.26 The domain size (Lx ×Ly ×Lz), the grid size (∆x×∆y ×∆z)
and the number of grid points (Nx ×Ny ×Nz) are given in Table 3. We use uniform grids in the streamwise
and spanwise directions as ∆x+ and ∆y+, and geometrically stretched grids in the wall-normal direction,
with zk = z2(α

k−1 − 1)/(α − 1).

Cases Lx/δ Ly/δ Lz/δ ∆x+ ∆y+ z+
2 α Nx Ny Nz

Wedge35supercata 17.2 1.7 4.3 26.6 4.0 0.19 1.068 576 384 110

Wedge35noncata 13.5 1.4 3.4 23.0 3.5 0.17 1.068 576 384 110

Wedge8supercata 17.7 2.5 5.1 26.5 5.7 0.26 1.067 576 384 110

Wedge8noncata 20.0 2.9 5.7 25.7 5.5 0.25 1.067 576 384 110

Table 3. Grid resolution and domain size for the direct numerical simulation.

To assess the adequacy of the domain size, streamwise and spanwise two-point correlation for the stream-
wise, spanwise and wall-normal velocity components are plotted. Figure 2 plots the streamwise and spanwise
two-point correlations at z+ = 15 and z/δ = 0.1 for case Wedge35supercata. The two-point correlations
drop to zero for large separations, indicating the computational domain is large enough to contain a good
sample of the large scales. Similar results can be shown for other cases. Notice that cases with lower Tw/Tr

require larger flow domains as a result of heat transfer effects, as described in.11

The grid resolution can be assessed by grid-convergence study. Figure 3(a-d) plot the mean temperature,
mean species mass fraction, r.m.s temperature and r.m.s species mass fraction with different number of grid
points for case Wedge35supercata. All the corresponding curves collapse to within 1%, indicating the grid
is fine enough to converge the results. Grid convergence has been checked for all the other cases.

The averages of all the turbulence statistics are computed over streamwise and spanwise directions of
each field; then an ensemble average is calculated over fields spanning around one non-dimensional time
unit. The time is non-dimensionalized by δ/uτ , which corresponds to around 20 large-eddy turnover time.
Both Reynolds and Favre averaging are used. The Reynolds average f over the x− and y−directions will be
denoted by f̄ , or < f >, and fluctuations about this mean will be denoted by f ′. The Favre average over
the x− and y−directions,f̃ , is a density-weighted average:

f̃ =
ρf

ρ
(4)

Fluctuations about the Favre average will be denoted by f ′′.
At the selected flow conditions, the temperature is high enough to partially dissociate the flow, as shown

in Figures 4(a,b) where the mean temperature and the mass fractions of atomic oxygen are plotted. In
addition, Figures 5(a,b) show that the levels of fluctuation magnitude in both temperature and species
compositions for all cases.

IV. Chemical production term

IV.A. Gas-phase reactions for Earth atmosphere

For gas-phase reactions, The gas-phase reactions in DNS are modeled using air-five-species mechanism: N2,
O2, NO, N, and O with Arrhenius parameters,27 shown as follows:

N2 + M ⇀↽ 2N + M
O2 + M ⇀↽ 2O + M
NO + M ⇀↽ N + O + M
N2 + O ⇀↽ NO + N
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NO + O ⇀↽ O2 + N (5)

The reacting mechanism represents the realistic reactions of air before ionization happens, which is a
good approximation at temperatures less than about 10, 000K. The corresponding equilibrium constants are
computed from the Gibbs free energy as functions of temperature and then fitted to Park (1990) expressions.27

IV.B. General formulation for ws

For a reaction
ns
∑

i=1

ν′

iMi ⇀↽

ns
∑

i=1

ν′′

i Mi (6)

The chemical production rate ws can be defined by the law of mass action to be

ws = Ws(ν
′′

s − ν′

s)(ωf − ωb) = Ws(ν
′′

s − ν′

s)

(

kf

ns
∏

i=1

c
ν′

i
i − kb

ns
∏

i=1

c
ν′′

i
i

)

(7)

where ν′

i and ν′′

i are the stoichiometric coefficients of the reactants and products, respectively. ωf and ωb

are independent of particular species and can be taken as the reaction rates of the forward and backward
reactions, respectively. The forward reaction rate coefficient kf can be determined from the Arrhenius
expression

kf = AT bexp

(

−Ta

T

)

(8)

where A and b are constants. The backward reaction rate coefficient is given by

kb =
kf

Keq
(9)

where the equilibrium constant Keq is a function of T and can be determined using curve fits.27

Equations 7,8,9 show that ws(T, c) depends nonlinearly on its parameters (primarily temperature). As
a result, ws(T, c) is usually different from ws(T , c). The former can be referred as the ‘turbulent’ reaction
rate, in which turbulence fluctuations, including both temperature and species fluctuations, have been taken
into account, and the latter can be referred as ‘laminar’ reaction rate (although T and ci are mean turbulent
profiles), which we would obtain if there were no turbulent fluctuations. The greater the difference between
the two, the more significant TCI is.

V. Governing parameters for TCI

The difference between ws(T, c) and ws(T , c) is a measure of TCI intensity and indicate how chemical
production rates get augmented due to turbulent fluctuation. In order to further predict how such augmen-
tation effects influence the overall turbulent flow field, we propose the nondimensional parameters based on
the flow governing equations.

Finite-rate chemical reactions act as sources for the production of species in species continuity equations
as well as heat production in the energy equation. To estimate the species and heat production effects by

TCI, we introduce species ‘interaction’ Damköhler number DaI
s and ‘interaction’ relative heat release ∆h

I
,

which is defined as

DaI
s ≡

∣

∣

∣

∣

∣

∣

(

ws(T, c) − ws(T , c)
)

τt

ρs

∣

∣

∣

∣

∣

∣

, ∆h
I ≡

∑ns
i=1

(

wi(T, c) − wi(T , c)
)

h◦

i τt

∑ns
i=1 ρi

(

hi(T ) + 1
2ukuk

) (10)

In both definitions, τt is some turbulence time scale, the choice of which may be large-eddy turnover time δ
Uδ

,

or q
ǫ , which is the time scale for energy-containing eddies, and

∣

∣

∣
ws(T, c) − ws(T , c)

∣

∣

∣
is included to measure

the intensity of TCI. Positive values of relative heat release indicate endothermicity, whereas positive indicate
exothermicity of the chemistry mechanism due to TCI.
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The species ‘interaction’ Damköhler number is the ratio of TCI species mass production during the
characteristic flow time to species total mass, and provides a measure of mass production effects by TCI.
The ‘interaction’ relative heat release is the ratio of TCI chemical heat release during the characteristic flow
time to the total flow enthalpy, and provides a measure of heat production effects by TCI. If the magnitude
of DaI

s is close to or larger than unity, a significant change in flow composition by TCI is expected. When

∆h
I

is large, a large influence of TCI on the thermal field is expected.
The definitions of the species ‘interaction’ Damköhler number and ‘interaction’ relative heat release bear

an analogy with the definitions of the Damköhler number and relative heat release by Martin & Candler,28, 29

which have been found to be important parameters that govern the influence of chemistry on the turbulent
flow field.

In order to investigate the relative importance of temperature TCI alone, on chemical mass and heat

production, DaI
s and ∆h

I
are defined as

DaI
s ≡

∣

∣

∣

∣

∣

∣

(

ws(T, c) − ws(T , c)
)

τt

ρs

∣

∣

∣

∣

∣

∣

, ∆h
I ≡

∑ns
i=1

(

wi(T, c) − wi(T , c)
)

h◦

i τt

∑ns
i=1 ρi

(

hi(T ) + 1
2ukuk

) (11)

where ws(T, c) in Equation 10 has been substituted by ws(T, c).

VI. Assessment of TCI in hypersonic turbulent boundary layers

VI.A. a priori study

In the a priori study, the ‘turbulent’ reaction rate w(T, c) and ‘laminar’ reaction rate w(T , c) are calculated
and compared using the DNS data.

Figure 6 plots the ‘turbulent’ and ‘laminar’ production rates of each species for the case Wedge35 with
supercatalytic and noncatalytic species boundary conditions. There are distinguishable differences between
the mean ‘turbulent’ and ‘laminar’ production rates for both supercatalytic and noncatalytic walls. For
species N2, O2, N and O, the maximum relative difference is larger than 30%. Similar differences also exist
for the case Wedge8, as shown in Figure 7.

The high sensitivity of chemical production rates to turbulence fluctuations can be understood by the
fact that ws(T, c) depends nonlinearly on its parameters (primarily temperature), as indicated in Equation 8,
and for air reactions Ta is typically an order of magnitude larger than the flow temperature.

To predict the effect of TCI on the turbulence flow field, Figure 8 plots the ‘interaction’ Damköhler
number and ‘interaction’ relative heat release. It is shown that DaI

s for all species except N and ∆hI are at
least one order smaller than unity, indicating that TCI has little influence on the overall flow composition
as well as temperature and velocity field. The fact that DaI

N is o(1) might suggest that TCI will have a
significant influence on YN . However, given that YN is very small across the boundary layer, the variation
in YN is expected to have little influence on the overall flow composition.

VI.B. a posteriori study

TCI is further assessed by performing a posteriori study. In a posteriori study, the effect of TCI is investi-
gated by comparing results of the original DNS with an ‘artificial’ DNS, in which the effect of TCI has been
neglected. The ‘artificial’ DNS is performed with chemical source term w(T, c) evaluated as w(T , c) while
keeping all the other conditions the same.

Figure 9 and Figure 10 plot the mean mass fraction and RMS of mass fraction for all cases. It is shown
that significant differences in Y N for cases Wedge8supercata and Wedge8noncata with and without TCI,
consistent with the fact that DaI

N for these cases are close to unity for most of the boundary layer, as seen
in Figure 8. Slight decreases in Y NO and Y O are also observed for the case Wedge8supercata, which is
consistent with the fact that DaI

NO and DaI
O has relatively larger values for Wedge8supercata than other

cases. For the RMS of species mass fraction, significant differences can be observed for nearly all the species.
Figure 9 and Figure 10 indicate that TCI may influence the detailed chemical compositions of the turbulent
flow field. However, Figure 11 shows that TCI has subtle difference in both mean flow density and RMS of
flow density.
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To further investigate the influence of TCI on flow dynamics, Figure 12 plots the mean velocity profile
and the turbulent kinetic energy (TKE). It is shown that both the mean velocity and TKE are nearly the
same with and without TCI for all cases, indicating negligible influence of TCI on the velocity field.

In terms of the temperature field, Figure 13 and Figure 14 plot the mean temperature and the RMS of
temperature fluctuation for the cases Wedge35 and Wedge8, respectively. It is shown that there is nearly no
difference in mean temperature with and without TCI for all cases, consistent with the small values of ∆hI ,
as shown in Figure 8. For the temperature fluctuation, a reduction as large as 10% is observed when TCI is
included. The slightly larger decrease in T ′

rms/T̄ for the case Wedge35 than Wedge8 is consistent with the

relatively larger value of ∆hI for Wedge35.
To demonstrate the influence of TCI on turbulent transport of momentum and heat, Figure 15 plots

normalized Reynolds shear stress and turbulent heat flux with and without TCI for all cases. It is shown
that TCI has subtle influence on Reynolds shear stress and turbulent heat flux. In terms of Reynolds mass
flux, Figure 16 shows that for Wedge8supercata and Wedge8noncata the maximum varation in Reynolds
mass flux due to TCI is as large as 40%, indicating that TCI influences the turbulent transport of species
mass fraction and is consistent with the change in flow composition for these cases.

To demonstrate the influence of TCI on surface skin friction, heat flux and pressure loading, Table 4
provides Cf , qw, q′w,rms/qw, pw and p′w,rms/pw with and without TCI for all cases. It is shown that TCI
has negligible influence on all of these quantities.

Case Cf qw q′w,rms/qw pw p′w,rms/pw

Wedge35supercata, with TCI 3.82 × 10−3 2.99 × 107 0.45 2.61 × 105 0.10

Wedge35supercata, without TCI 3.81 × 10−3 2.98 × 107 0.44 2.61 × 105 0.10

Wedge35noncata, with TCI 3.62 × 10−3 2.32 × 107 0.52 2.62 × 105 0.08

Wedge35noncata, without TCI 3.63 × 10−3 2.33 × 107 0.52 2.62 × 105 0.08

Wedge8supercata, with TCI 1.06 × 10−3 0.43 × 107 0.64 0.24 × 105 0.29

Wedge8supercata, without TCI 1.07 × 10−3 0.43 × 107 0.65 0.24 × 105 0.29

Wedge8noncata, with TCI 1.04 × 10−3 0.41 × 107 0.68 0.24 × 105 0.29

Wedge8noncata, without TCI 1.04 × 10−3 0.42 × 107 0.68 0.24 × 105 0.30

Table 4. Skin friction, mean and RMS of heat flux and pressure loading. The units of qw and pw are W/m2 and Pa,
respectively.

VII. PDF-TS method

The evaluation of the governing parameters (Equations 10) depends on the knowledge of w(T, c), which is
not readily available from a typical RANS simulation. In addition, due to the large extent of the parameter
space, including permutations of flow conditions, atmospheric and added- or wall-catalytic chemical mech-
anisms, and the small subset of those that have been explored so far, it would be useful to have a method
to predict the intensity of TCI in the context of RANS, before actually doing more expensive simulations
such as DNS, or taking extra efforts to include TCI models, since high-order modeling approaches like DNS
and LES are computationally intensive, and the use of steady-state RANS models is the tool of choice for
routine design purposes.30

Martin & Candler28, 29 noticed that for external hypersonic air flows, the chemical source term has a
strong temperature dependence. This can be seen by representing the variables as the mean and fluctuating
quantities: T = T + T ′ and cs = cs + c′s. Taking one of the predominant air reactions, binary dissociation
of nitrogen N2 + M → 2N + M , the source term to a first order approximation in fluctuating quantities is

wN2
= wN2

+ wN2

((

Ta

T
+ b

)

T ′

T
+

c′N2

cN2

+
c′M
cM

)

+ . . . (12)

where b is the constant in Equation 8 and w = w(T , c). The variations of wN2
caused by temperature

fluctuations may be especially large because Ta is an order of magnitude larger than typical flow temperatures.
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In this section, we introduce the PDF-TS method for estimating the effects of temperature fluctuations on
chemical production rates, or temperature TCI, in the context of RANS. The method combines an assumed
PDF2, 6, 31, 32 with a temperature fluctuation scaling. The assumed PDFs are Gaussian or Beta distributions,
which require values for the first and second moments. The first moment is available from solving the RANS
equations, and a temperature scaling (TS) is derived to relate the second moment to the first. In the rest of
the paper, we name this approach as PDF-TS, i.e. PDF with temperature scaling, for simplicity.

VII.A. Assumed PDF forms and parameters

The influence of temperature fluctuation on ws(T, c) manifests itself in k(T ), where k can be either kf or kb,

and k(T ) 6= k(T ). The reaction rate coefficients k(T ) can be evaluated by the assumed PDF approach, i.e.

k(T ) =

∫

∞

0

k(T )P (T )dT (13)

where P (T ) is the PDF of T . Several forms of P (T ) have been proposed by multiple researchers,2, 6, 31, 32

including the Gaussian PDF and the β PDF. The Gaussian PDF is given by

P (T ) =
1

√

2πT ′2
rms

exp

[

− (T − T )2

2T ′2
rms

]

(14)

Thus, the Gaussian PDF is completely determined by T and T ′2
rms, or T and temperature intensity

T ′

rms

T
.

The β PDF is given by

P (r) =
rβ1−1(1 − r)β2−1

Γ(β1)Γ(β2)
Γ(β1 + β2) (15)

where Γ is the gamma function and

β1 = r

[

r(1 − r)

r′r′
− 1

]

β2 = (1 − r)

[

r(1 − r)

r′r′
− 1

]

with 0 < r < 1. The r in the Equation 15 is related to temperature by the following transformation

r =
T − Tmin

Tmax − Tmin
(16)

The transformation gives

r =
T − Tmin

Tmax − Tmin
(17)

and

r′r′ =
T ′2

rms

(Tmax − Tmin)2
(18)

Thus, the β PDF is completely determined from T , T ′2
rms, Tmin and Tmax.

The Gaussian pdf and β pdf are completely specified by the mean temperature and temperature fluctu-
ation variance.

VII.B. Temperature fluctuation scaling in hypersonic boundary layers

Both the mean temperature and temperature fluctuation variance are needed to specify the assumed Gaussian
or Beta PDFs, as shown in Subsection VII.A. The mean temperature is readily available from the solutions
of RANS equations. An additional temperature fluctuation scaling is introduced to connect temperature
fluctuation intensity with the flow quantities that can be evaluated using RANS solutions.

Here, we use a generalized version of Huang’s strong Reynolds analogy33 (HSRA) to relate the temper-
ature fluctuation intensity to the streamwise velocity fluctuation intensity. HSRA has been validated and
widely used for non-reacting hypersonic boundary layers with adiabatic and non-adiabatic walls,8, 10–12 By
removing calorically perfect gas assumption used in the derivation, HSRA can be generalized for flows with
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variable heat capacities and chemical reactions.34 A cursory description of the derivation of the generalized
HSRA is given below.

First, the temperature fluctuations and velocity fluctuations are related using the ‘mixing length’ rela-
tion:33, 35

lu ∝ u′

rms/ |∂u/∂z| , lT ∝ T ′

rms/
∣

∣∂T/∂z
∣

∣ (19)

where lu and lT are turbulent mixing length for velocity and temperature, respectively. With lu/lT = Prt,
33

we have

T ′

rms = f(u′

rms) =

∣

∣

∣

∣

1

Prt

∂T

∂u

∣

∣

∣

∣

u′

rms (20)

Since for most cases it is the turbulent kinetic energy q rather than the streamwise turbulence inten-
sity u′

rms that is readily available in the context of RANS calculations,36 we further relate the streamwise
turbulence intensity u′

rms in Equation 20 to the turbulent kinetic energy q by

u′

rms = CM
√

q (21)

with CM is the proportionality factor. The value of CM is related to the anisotropy ratios v′rms/u′

rms and
w′

rms/u′

rms, which have been found to be insensitive to freestream Mach number, wall temperature and
enthalpy conditions.11, 12, 34

After combining Equations 20 and 21, we get a scaling for the temperature fluctuation intensity as

T ′

rms = CM

∣

∣

∣

∣

1

Prt

∂T

∂u

∣

∣

∣

∣

√
q (22)

Equation 22 can be used to evaluate T ′

rms in the context of typical RANS solutions. The right-hand-side
of Equation 22 includes mean quantities as well as the turbulent kinetic energy q and turbulent Prandtl
number Prt, all of which are available in the context of typical RANS calculations, such as standard k − ε
model with the gradient transport model.30, 36

VII.C. Combining PDF with TS

The steps for using PDF-TS are summarized as follows:

1. Evaluate T ′

rms using the temperature scaling (Equation 22)

2. Calculate reaction rate coefficients k(T ) for each reactions using formula 13 with P (T ) being Gaussian
or Beta distribution function.

3. Estimate ‘turbulent’ species production rates ws(T, c) using the formula

ws(T, c) = Ws(ν
′′

s − ν′

s)

(

kf (T )

ns
∏

i=1

c
ν′

i
i − kb(T )

ns
∏

i=1

c
ν′′

i
i

)

(23)

4. Compute temperature TCI intensity w(T, c) − w(T , c) as well as the governing parameters DaI
s and

∆hI using Equation 11

VII.D. PDF-TS evaluation and comparison with DNS data

To demonstrate the performance of various assumed forms of temperature PDFs, Figure 17 plots k(T )
calculated by averaging DNS flow fields or following Equation 13 using Gaussian or Beta PDF for reactions
R1 to R5. The integrations in Equation 13 for both forms of pdf are numerically performed between
Tmin = T − 3T ′

rms and Tmax = T + 3T ′

rms.
32 The results are insensitive to the shape of the PDF for all the

cases, similar to the observations by Baurle37 and Bray & Moss38 for combustion flows. The match between
PDF and DNS results is excellent throughout the boundary layer for Wedge35 cases. For Cases Wedge8,
good agreement is achieved for z

δ ≤ 0.6. At z
δ > 0.6, where T is relatively small and there is nearly no

chemical reactions, the PDF results underpredict the correct results.

In terms of the performance of the temperature scaling, Figure 18 plots
T ′

rms

T
calculated by averaging

DNS flow fields or following Equation 20 for all DNS cases. It is shown that reasonable match between
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the two is achieved through most of the boundary layer. In particular, the temperature fluctuation scaling
correctly predicts the peak location and the general shape of temperature fluctuation intensity. The poor

performance of Equation 20 near the peak location of T , or the crossover location, where ∂T
∂z = 0 can be

understood by the fact that the ‘mixing length’ assumption, where lT = T ′

rms/(∂T/∂z), no longer holds at
∂T
∂z ≈ 0.

The insensitivity of the proportionality factor CM with flow conditions can be demonstrated by DNS
results across a wide range of freestream Mach number, wall temperature and enthalpy conditions, as it is
shown in Figure 19. Through most of the boundary layer, CM can be well approximately as

CM =

√
2

√

1 + C(1 − e−D(z/δ))2
(24)

with C = 1.06, D = 15.
To demonstrate the overall performance of PDF-TS, Figure 20 and Figure 21 plot ‘interaction’ Damköhler

number DaI
s and relative heat release ∆h

I
, respectively, computed by averaging DNS flow fields and PDF-TS

method for various DNS cases. The PDF-TS method combines the Gaussian PDF given by Equation 14 and
the temperature scaling given by Equation 22 with Prt = 1.0 and the value CM given by Equation 24. It
is shown that overall PDF-TS method predicts the governing parameters to the right order through most
of the boundary layer. In particular, it correctly captures the peak locations as well as the peak values for

various DNS cases. In addition, the relatively poor performance of PDF-TS is observed near ∂T
∂z ≈ 0 due to

the failure of the temperature scaling (Equation 22).
The validation of the assumed PDFs, the temperature scaling and PDF-TS has been performed against

DNS data in different downstream locations along the wedge, and similar performances has been observed.

VII.E. Summaries and Comments

PDF-TS is a predictive method to estimate the intensity of TCI in hypersonic boundary layers based on
‘laminar-chemistry’ RANS calculations. It gives the sensitivity of chemical production rates to temperature
fluctuations, as well as an order-of-magnitude estimate of the relative importance of temperature TCI after
combined with the definitions of the governing parameters DaI

s and ∆hI , thus can provide guidance on
whether or not to undertake further efforts to model TCI under selected flow conditions.

It should be noted that so far only the temperature fluctuation effects of TCI has been considered in
PDF-TS, based on the general consideration that the chemical reactions for hypersonic external flows are
overall endothermic and dominated by the dissociation of nitrogen and oxygen molecules. These reactions
are characterized by very large activation energy with Ta typically an order of magnitude larger than the
maximum flow temperature. As a result, the reaction rate is extremely sensitive to temperature variations, as
indicated by the exponential relation in Equation 8. For situations when the species composition fluctuations
are equally or more important, the current method provides only a subset of total regions with significant TCI,
and the inclusion of species composition fluctuations may be necessary in order to give a more comprehensive
evaluation of TCI.

VIII. Conclusions

We conduct direct numerical simulations to assess the effects of turbulence-chemistry interaction in
hypersonic turbulent boundary layers, under typical hypersonic conditions representative of blunt-body and
slender-body vehicles for Earth re-entry. Both ‘supercatalytic’ and ‘noncatalytic’ species boundary conditions
are considered for each of flow conditions. A priori and a posteriori studies using DNS database show that
the chemical production rate of individual species are significantly augmented by turbulent fluctuations, and
TCI influences the turbulent transport of species mass fraction and the detailed chemical composition of the
flow. However, in pure air, TCI has no sizable influence on most of the flow quantities, including the mean
velocity and turbulent kinetic energy, Reynolds shear stress and turbulent mass flux, mean and RMS of
density and temperature as well as surface skin friction, heat transfer and pressure loading. Similar studies
at various Mach numbers and wall temperatures have been performed and the characteristics of TCI in pure
air remain as those described in this paper. It is also shown that the nondimensional governing parameters
‘interaction’ Damköhler number and relative heat release provide a good metric for estimating the influence
of TCI on the turbulence flow fields.
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The insignificant influence of TCI on the turbulent flow dynamics for hypersonic boundary layers is
different from what have been found for many combustion flows, as described in Section I. Possible reasons for
the difference is that for combustions flows reaction intermediates like ‘radicals’ generally play an important
role for the propagation of the overall reaction scheme, and a subtle change in the concentration of such
radicals by turbulent fluctuations might substantially change the overall reaction rate and corresponding
heat release rate. While for the air reaction mechanism used in the current analysis, this is not the case.
In addition, air reactions happen at significantly higher temperatures (T > 2500K) than those for typical
combustion applications. As a result, higher sensible enthalpy is necessary to intialize the air reactions, and
the relative importance of chemical heat release due to TCI diminishes because of the higher flow enthalpy.

In addition, we present a PDF-TS approach to estimate the intensity of turbulence-chemistry interaction.
This approach combines an assumed PDF with a temperature fluctuation scaling, named as PDF-TS. The
assumed PDF is chosen to be either Gaussian or Beta, and the temperature fluctuation scaling is derived
based on well-established boundary-layer relations. For RANS calculations with TCI neglected, PDF-TS
provides a sanity check on whether TCI is negligible. It can also be used to identify regions where TCI could
be potentially important, thus providing guidance on whether or not to undertake further efforts to model
TCI under selected flow conditions.
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Figure 1. DNS subdomain from RANS solution for the study of turbulence-chemistry interaction. The Reynolds
number Res = ρ∞u∞s

µ∞
with s the distance between the leading edge of the lifting body to the location of the DNS

subdomain.
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Figure 2. Two-point correlations Rα′α′ for streamwise, spanwise and wall-normal velocity components for

Wedge35supercata. Plotted versus (a) ∆x/δ at z+ = 15, (b) ∆y/δ at z+ = 15; (c) ∆x/δ at z/δ = 0.1; (d) ∆y/δ at
z/δ = 0.1.

15 of 30

American Institute of Aeronautics and Astronautics



z/δ

〈T
〉/T

e

0 0.5 1 1.5
1

1.2

1.4

1.6

1.8

2

768x512x120
576x384x110
384x256x110

z/δ

〈Y
O
〉

0 0.5 1 1.5
0

0.05

0.1

0.15

0.2

0.25

z/δ

T
’ rm

s/〈
T

〉

0 0.5 1 1.5
0

0.05

0.1

0.15

z/δ

Y
’ O

,r
m

s

0 0.5 1 1.5
0

0.01

0.02

0.03

0.04

Figure 3. Convergence study for Wedge35supercata varying grid size, Nx × Ny × Nz.

z/δ

〈T
〉

0 0.5 1
1000

2000

3000

4000

5000

wedge35supercata
wedge35noncata
wedge8supercata
wedge8noncata

z/δ

〈Y
O
〉

0 0.5 1

0

0.05

0.1

0.15

0.2

Figure 4. Mean profiles for temperature and atomic oxygen mass fraction for various cases.

16 of 30

American Institute of Aeronautics and Astronautics



z/δ

T
’ rm

s/〈
T

〉

0 0.5 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

wedge35supercata
wedge35noncata
wedge8supercata
wedge8noncata

z/δ

Y
’ O

,r
m

s

0 0.5 1
0

0.005

0.01

0.015

0.02

0.025

0.03

Figure 5. RMS of fluctuations in temperature and atomic oxygen mass fraction for various cases.

17 of 30

American Institute of Aeronautics and Astronautics



z/δ

w
N

2

0 0.5 1

-1000

0

1000

〈w(T,c)〉, supercatalytic
w(〈T〉,〈c〉), supercatalytic
〈w(T,c)〉, noncatalytic
w(〈T〉,〈c〉), noncatalytic

z/δ

w
O

2

0 0.5 1
-5000

-4000

-3000

-2000

-1000

0

1000

z/δ

w
N

O

0 0.5 1

-1000

0

1000

2000

3000

4000

z/δ

w
N

0 0.5 1
-1500

-1000

-500

0

500

z/δ

w
O

0 0.5 1

-1000

0

1000

2000

3000

Figure 6. ‘Turbulent’ and ‘laminar’ chemical production rates of various species for Wedge35.

18 of 30

American Institute of Aeronautics and Astronautics



z/δ

w
N

2

0 0.5 1
-20

-15

-10

-5

0

5

10

15

20

〈w(T,c)〉, supercatalytic
w(〈T〉,〈c〉), supercatalytic
〈w(T,c)〉, noncatalytic
w(〈T〉,〈c〉), noncatalytic

z/δ

w
O

2

0 0.5 1
-50

-40

-30

-20

-10

0

10

z/δ

w
N

O

0 0.5 1
-10

0

10

20

30

z/δ

w
N

0 0.5 1
-4

-3

-2

-1

0

1

2

3

z/δ

w
O

0 0.5 1
-10

0

10

20

30

40

Figure 7. ‘Turbulent’ and ‘laminar’ chemical production rates of various species for Wedge8.

19 of 30

American Institute of Aeronautics and Astronautics



z/δ

D
aI N

2

0 0.5 1 1.5

0

0.0005

0.001

0.0015

0.002

0.0025

Wedge35supercata
Wedge35noncata
Wedge8supercata
Wedge8noncata

z/δ

D
aI O

2

0 0.5 1 1.5
0

0.02

0.04

z/δ

D
aI N

O

0 0.5 1 1.5
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

z/δ

D
aI N

0 0.5 1 1.5
0

0.5

1

1.5

2

2.5

3

3.5

4

z/δ

D
aI O

0 0.5 1 1.5
0

0.05

0.1

0.15

z/δ

∆h
I

0 0.5 1 1.5
-0.001

-0.0008

-0.0006

-0.0004

-0.0002

0

0.0002

Figure 8. DaI
s and ∆hI across the boundary layer.

20 of 30

American Institute of Aeronautics and Astronautics



z/δ

〈Y
〉

0 0.5 1
10-6

10-5

10-4

10-3

10-2

10-1

100

N2, with TCI
N2, without TCI
O2, with TCI
O2, without TCI
NO, with TCI
NO, without TCI
N, with TCI
N, without TCI
O, with TCI
O, without TCI

(a)

z/δ

〈Y
〉

0 0.5 1
10-4

10-3

10-2

10-1

100 (b)

z/δ

〈Y
〉

0 0.5 1
10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

(c)

z/δ

〈Y
〉

0 0.5 1
10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

(d)
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Figure 10. RMS of species mass fraction for various cases with and without TCI. (a) Wedge35supercata, (b)
Wedge35noncata, (c) Wedge8supercata, (d) Wedge8noncata.
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Figure 11. Mean and RMS of total density across the boundary layer with and without TCI.
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Figure 12. Mean streamwise velocity and turbulent kinetic energy across the boundary layer with and without TCI.
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Figure 13. Mean and RMS of temperature across the boundary layer with and without TCI for Wedge35.
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Figure 14. Mean and RMS of temperature across the boundary layer with and without TCI for Wedge8.

z/δ

〈-
ρu

’’w
’’〉

/τ
w

0 0.5 1 1.5

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6 Wedge35supercata, with TCI
Wedge35supercata, without TCI
Wedge35noncata, with TCI
Wedge35noncata, without TCI
Wedge8supercata, with TCI
Wedge8supercata, without TCI
Wedge8noncata, with TCI
Wedge8noncata, without TCI

z/δ

〈ρ
w

’’h
’’〉

/ρ
w
u τh

w

0 0.5 1 1.5
-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

Figure 15. Reynolds shear stress ρu′′w′′/τw and turbulent heat flux ρw′′h′′/ρwuτ hw across the boundary layer with and
without TCI.
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Figure 16. Turbulent mass flux ρw′′Y ′′/ρwuτ for various species with and without TCI.
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Figure 17. Mean forward reaction rate constants computed by averaging DNS flow fields and assumed PDF methods.
(a) Wedge35supercata; (b) Wedge35noncata; (c) Wedge8supercata; (d) Wedge8noncata.
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Figure 18. Temperature fluctuation intensity computed using DNS flow fields or the temperature fluctuation scal-
ing given by Equation 20. Constant Prt is assumed with value 1.0 in the temperature fluctuation scaling. (a)
Wedge35supercata; (b) Wedge35noncata; (c) Wedge8supercata; (d) Wedge8noncata.
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Figure 19. u′

rms/q1/2 computed using DNS flow fields with varying freestream Mach number, wall temperature and

enthalpy conditions.11, 12
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Figure 20. ‘Interaction’ Damköhler number DaI
s ((Equation 11) computed by averaging DNS flow fields and PDF-TS

method. The PDF-TS method combines the Gaussian PDF given by Equation 14 and the temperature scaling given
by Equation 22 with Prt = 1.0 and the value CM given by Equation 24. (a) Wedge35supercata; (b) Wedge35noncata;
(c) Wedge8supercata; (d) Wedge8noncata.
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Figure 21. ‘Interaction’ relative heat release ∆h
I

(Equation 11) computed by averaging DNS flow fields and PDF-TS
method. The PDF-TS method combines the Gaussian PDF given by Equation 14 and the temperature scaling given
by Equation 22 with Prt = 1.0 and the value CM given by Equation 24. (a) Wedge35supercata; (b) Wedge35noncata;
(c) Wedge8supercata; (d) Wedge8noncata.
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